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ABSTRACT

General analytical solutions to transport equations are presented for a mixed ionic-electronic conductor (MIEC) sub-
ject to various electrical and chemical conditions at the surfaces. The derived general expressions can be used to predict
the steady-state distributions of defects and electrical potential within the MIEC as a function of an external stimulus for
transport: an electric field, a gradient in chemical potential, or a combination of the two. Also, variations in conductivi-
ties, transference numbers, current carried by each type of defect, and chemical potential of oxygen within the MIEC can
be readily calculated under different conditions. Analyses indicate that the distribution of mobile defects is approxi-
mately linear when the amount of uniformly distributed immobile charges is sufficiently small while the electrical poten-
tial distributes nearly linearly when the amount of uniformly distributed immobile charges is sufficiently large. In addi-
tion, the derived equations can be used to determine the transport properties of an MIEC from observed steady-state
behavior of the MIEC under controlled conditions. The derived expressions are applicable to a variety of MIECs with
vastly different transport properties, ranging from MIECs with predominant ionic disorders to the ones with overwhelm-
ing electronic disorders, from MIECs with intrinsic disorders to the ones with significant extrinsic disorders, and from
the MIECs with uniform properties to the ones switching transport character through their thicknesses. Further, and in
particular, the derived equations can provide valuable guidance in optimizing performances of devices or systems based
on MIECs and in improving or redesigning MIECs for various applications.

Introduction
Mixed ionic-electronic conductors (MIECs) have been

widely studied as dense membranes for electrosynthesis' -4

(such as partial oxidation of methane and gas separation),
as catalytic electrodes for solid-state ionic devices5 (such
as solid oxide fuel cells, 6? batteries,"8- and chemical sen-
sors"), and as electrolytes`'2 or other components' 4 for
various devices or systems. In all these applications, it is
the ionic and electronic transport which dramatically
influences the performance of the materials. Accordingly,
fundamental understanding of mass and charge transport
in MIECs is essential for accurately predicting the behav-
ior of MIECs under various conditions, for optimizing the
performance of devices or systems based on MIECs, and,
of even greater significance, for rational designing of new
MIECs and novel structures of devices based on MIECs.

Transport properties of mixed conductors have been for-
mulated and investigated initially by Wagner'5 9 and sub-
sequently by many others.20-29 To date, a number of mod-
els30 -34 have been developed to predict the transport
behavior of MIECs under certain conditions. In all cases,
however, some restrictive assumptions have been made on
the properties of MIECs in order to obtain mathematical-
ly manageable solutions. While the existing models have
provided important insight into the understanding of some
MIECs, their applicability to others have suffered from the
restrictive assumptions.

First, the ionic conductivities of MIECs are assumed to
be relatively constant in some models under the conditions
considered. This restrictive assumption limits the applica-
bility of the developed models only to materials with pre-
dominant ionic disorder, which makes up only a very small
portion of the family of MIECs. For instance, they may not
even be applicable to transition metal oxide-doped CeO2
and Bi,03 under certain conditions, let alone perovskite-
type MIECs such as La,_±Sr~MnOa (LSM), La,-_SrCoO3
(LSC), and La,_.SrFeO, (LSF)-based materials, in which
electronic disorders dominate and the ionic conductivities
(or concentrations of ionic defects) can vary considerably
with position in the direction in which a gradient in Po2
exists.

Second, the electronic conductivities of MIECs are
assumed to be a known function of po2 in order to take
into account the effect of variation in electronic proper-
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ties. The problem is, however, that the dependence of elec-
tronic conductivities on Po, may take very different forms
under different conditions or even may not be available in
some cases.

Third, most models developed consider only two types of
mobile defects, oxygen vacancies and electrons (or electron
holes), and the effect of other defects (particularly immobile
ones) on charge and mass transport in MIECs is typically
ignored. Accordingly, the models developed may not be
applicable to materials in which intrinsic disorders prevail.
For MIECs in which either ionic or electronic disorder is
intrinsic in nature, more than two types of mobile defects
must be considered. For an MIEC with intrinsic electronic
disorder, for instance, both electrons and electron holes
make significant contributions to the overall electronic
behavior of the material and, hence, neither electrons nor
electron holes can be neglected in the analysis.

Further, because of these restrictive assumptions, one of
the most fascinating phenomena in MIECs has not been
adequately addressed in the existing models: a transition
in ionic or electronic character or a change in dominant
defects from one type to another along the thickness of an
MIEC when it is exposed to a large gradient in chemical
potential. Frequently, an MIEC may exhibit n-type char-
acter on the side exposed to a reducing atmosphere and p-
type character on the side exposed to an oxidizing atmos-
phere. Thus, the electronic character of the material must
change continuously from n-type to p-type through the
thickness of the MIEC. Accordingly, although the electron-
ic behavior of the MIEC may be approximated by consid-
ering only the electrons in the n-type region and only the
electron holes in the p-type region, in the transition region
from the n-type to the p-type region, neither electrons nor
electron holes can be neglected. Similarly, the ionic char-
acter of an MIEC may also change from oxygen vacancy
predominant on one side to oxygen interstitial predomi-
nant on the other side. In this case, both oxygen vacancies
and interstitials must be considered in formulating the
ionic behavior of the MIEC. Another important point is
that whenever there is a transition in character or a
change in dominant defects, there must be a transforma-
tion of current carried by one type of defect to another, i.e.,
from electrons to electron holes (or vice versa) for transi-
tion in electronic character and from positively charged
ionic defects to negatively charged ionic defects (or vice
versa) for transitions in ionic character.
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In this paper, analytical solutions to transport equations
are first presented without restrictive assumptions on
ionic or electronic conductivities, but with consideration
of all significant defects (including both mobile and
immobile ones). Thus, the obtained solutions are applica-
ble to a variety of MIECs with vastly different transport
properties, ranging from MIECs with predominant ionic
transport (such as zirconia- and ceria-based electrolytes in
which cr,, >> ee) to the ones with overwhelming electron-
ic transport (such as LSM, LSC, and LSF-based electrode
materials in which o >> o,,), from MIECs with intrinsic
disorders (essentially pure or stoichiometric compounds in
which three types of mobile defects make appreciable con-
tributions to transport) to the ones with significant extrin-
sic disorders (doped or nonstoichiometric compounds in
which there are only two types of significant mobile
defects), and from the MIECs with uniform transport
character to the ones switching transport character
through their thicknesses when exposed to a large gradi-
ent in chemical potential.

Variations in defect concentrations, conductivities, trans-
ference numbers, current carried by each type of defect, and
chemical potential of oxygen along the thickness are
expressed as a function of the two boundary conditions eas-
iest to control and observe: oxygen partial pressures at the
interfaces and the terminal voltage across MIECs.

With appropriate assumptions and approximations, the
general expressions then reduce to some simple and famil-
iar ones. The significance and utility of these expressions
are illustrated with some examples. In particular current-
voltage-p0 relationships, distribution of defects and elec-
trical potential, Hebb-Wagner experiment for characteri-
zation of MIECs, and the efficiencies of an SOFC based on
MIECs are elucidated in light of the derived expressions.
Applications of these equations to multilayered MIECs
and the effect of interfacial polarization will be discussed
in subsequent communications.'5

Model Description
Schematically shown in Fig. 1 is a homogeneous MIEC of

thickness L, which is exposed to a gas having oxygen par-
tial pressure of p, on one side at x = 0 and to another gas
with p on the other side at x = L. All properties of the
MIEC are assumed to be uniform in a plane perpendicular
to direction x so that the system under consideration
reduces to a one-dimensional problem. Lattice defects pre-
sent in the MIEC are described using Kroger-Vink nota-
tions36 while the chemical and electrochemical potential of
defect k inside the MIEC are defined, respectively, as37

11k = + RT ln ykck

Pk = 11k + ZkF4

where k, C, and Zk are the free energy at a reference
state, activity coefficient, molar concentration, and the
number of effective charge (with respect to a perfect crys-
tal), respectively, of defect k and is the electrostatic
potential inside the MIEC averaged over a volume ele-
ment, which is sufficiently larger than atomic dimensions
but much smaller than the dimensions of the MIEC.'925
The properties of the MIEC at the surface exposed to p,
(or pg.,) are labeled with a superscript I (or II), such as c
and (or c and t4'), which correspond to the properties
of the MIEC when it is immersed in and reaches equilibri-
um with a uniform atmosphere having oxygen partial
pressure of p, (or p2). Throughout this formulation, it is
assumed that

1. Local equilibrium of reactions involving mobile
defects (including the reactions occurring at the solid-gas
interfaces) prevails in the MIEC so that partial thermody-
namic properties of each defect have well-defined values;

2. Local charge neutrality is approximately, but not
strictly, observed in the MIEC so that negligible deviations
from electroneutrality may result in nonuniform electric
field in the MIEC;

E'
°2

O<V<EN
Fig. 1. Schematics showing (a) an MIEC exposed to a gas con-

taining oxygen partial pressure , at x = 0 and to another gas
containing oxygen partial pressure p, at x = L and (b) directions
of fluxes due to the motion of defects in the MIEC.

3. The concentrations of defects in the MIEC are suff i-
ciently small so that (i) the site fraction of each defect is
much smaller than unity except the majority defects due
to significant extrinsic disorders (resulting from doping or
large departure from stoichiometry) and (ii) there are no
significant interactions among defects;

4. Mobilities of all mobile defects are independent of
position (x) and concentration (ck) in the MIEC (a more
rigorous formulation is possible if the dependence of
mobilities on ck is known); and

5. The gas phases in equilibrium with the MIEC are con-
sidered to be an ideal gas so that the activity of oxygen in
each gas phase can be approximated by the partial pres-
sure of oxygen.

When defect concentrations are sufficiently small (or
[1 la] more precisely, when the defects are distributed complete-

ly at random over the available sites in the MIEC), the
[1 ib] activity coefficient approaches unity. For small deviations

from ideal behavior in MIECs of ionic compounds, it is
reasonable to approximate the activity coefficient by38

= y[kl6k = yc' with g8 = ln Yk

ln Ck

and -yi. = -y° (M/d)6k [lie]
where [k] is the site fraction of defect k, g is a constant, d
and M are the density and molecular weight of the lattice
compound, and both -y and -y are proportionality con-
stants [y is dimensionless while y has dimension of
(m3/mol)k]. In this model, the activity coefficients are first
considered constant (g, = 0) for simplicity and then treat-
ed as a variable (g, 0) for extrinsic MIECs in Appendix
A. This extends the validity of the model to the limit of
defect concentration within which interactions among
defects are insignificant while beyond which strong inter-
actions among defects and site exclusion effect must be
taken into consideration (this has been treated statistical-
ly for some special cases 39) Also, a thermodynamic factor
may be introduced under certain conditions, which is also
discussed in Appendix A.

(a)

(b)

x=O x=L X

Pt <p
02

• .:
h

e -

  ecsdl.org/site/terms_use address. Redistribution subject to ECS license or copyright; see 128.61.137.229Downloaded on 2013-05-28 to IP 

http://ecsdl.org/site/terms_use


J. Electrochem. Soc., Vol. 144, No. 5, May 1997 The Electrochemical Society, Inc. 1815

Transport equations and boundary conditions.—
According to the theory of irreversible thermodynam-
ics,40'4' the transport of n types of mobile defects in a
homogeneous MIEC, with respect to the immobile lattice
elements as a reference frame under isothermal condi-
tions, can be expressed as

Nk = " LVjI1 k = 1,2,...,n

where Nk is the molar flux of defect k and L0, are the phe-
nomenological coefficients. When the interactions among
defects during transport are insignificant (assumption 3),
i.e., Lk, is small when k 1, the current density due to the
motion of defect k can be adequately described by

.10 = r0FN,, = —z0Fu0c,, Vji,, =

—z6FRT u0 l +
3 in Yk

Vc6
— ;F2u0c6V4)dlnc0

where u, is the absolute mobility of defect k in the MIEC.
The total or observable current density passing through
the MIEC is then given by

= 'k [l.3b]

At the interfaces between the MIEC and its surrounding
atmosphere, oxygen atoms at regular or interstitial lattice
sites may be extracted out of the crystal according to

O&(MIEC) = {Vf, + 2e'} (MIEC) + '°3 (gas)

[Vff][e'12p& = k',[O&I

+ 2h}(MIEC) = vX (MIEC) + 1j02(gas)

[VXJp = kG[O"J[hJ2 [1.4b]

when the partial pressure of oxygen in the atmosphere is
less than the stoichiometric partial pressure of oxygen of
the crystal. Conversely, oxygen molecules in the gas phas-
es may incorporate into the crystal (i.e., reactions 1.4a and
1.4b proceed from right to left) when the oxygen partial
pressure in the atmosphere is greater than the stoichio-
metric oxygen partial pressure of the crystal, In general,
the kinetics of these reactions may influence the transport
of charged defects in MIECs; for simplicity, however; it is
assumed that these reactions are sufficiently rapid so that
the transport of defects within the MIEC is not altered by
the kinetics of the surface reactions (assumption 1). Thus,
the chemical condition imposed on the MIEC is deter-
mined by the partial pressures of oxygen at the two sur-
faces of the sample, P'o2 and pg2, which is often expressed
as a Nernst potential imposed across the MIEC

RT (pg,
EN — in i

\o2
Further, the electrical state of the MIEC can be either

observed or controlled through the surfaces of the MIEC.
The voltage across the MIEC, V, determined by the differ-
ence in Fermi levels (or electrochemical potentials of elec-
trons) of the two surfaces

v = —(E — E) = —ui:' — Al:)
[1.61F

-
F

[1.3a]

which is further related to the electrostatic potential dif-
ference across the MIEC, 4)" — 4)', and the ratio of electron
concentrations at the two surfaces, c'/c, as follows

— ,' = [Jin[J+ V [1.7]

Defect equilibrium and electroneutrality.—For an MIEC
[1.2] of pure and stoichiometric ionic compound,36'3' intrinsic

electronic disorder

nil = e' + h, [e'] [h] = [1.8a]

may occur due to thermal excitation of electrons from the
conduction band to the valence band. Similarly, thermal
excitation of ions away from regular lattice sites may
result in various intrinsic ionic disorders. To be specific,
consider a metal oxide capable of being defective on either
side of stoichiometry, MO,÷,, possible intrinsic ionic disor-
ders include Frenkel disorder in the oxygen ion sublattice

O + V,x = + Vf', [0,"] [Vfl = k; [0] [VX] [1.8b]
Frenkel disorder in the metal ion sublattice

M, + V,' = Mf + Vf,, [1W,"] [Vf,] = kF [M,] [l'fl [1.8c]

Schottky disorder

nil = V + V, [Vj] [Vfj = k, [1.8d]

interstitial disorder

MO = M1 + 0,", [Mfl [Of] = k, [1.8e]

and antistructure disorder

M + O = M, + O', [M,"] [0fl = ka [MJ [Oj [1.8f]
where ke, k;, kF, k,, k,, and ka are the equilibrium constant,
respectively, for each defect reaction. The site fractions [k]

[1.4a] in the mass-action equations should be replaced with
activities (i.e., y0[k]) when the distributions of defects are
not completely at random.

In addition, interactions between an MIEC and its sur-
rounding atmosphere frequently cause additional depar-
ture from stoichiometry while the presence of impurities
may further complicate the defect equilibrium. In theory,
the list of possible extrinsic disorders can be quite long; in
practice, however; often only one ionic disorder dominates
the ionic defect equilibrium in a given MIEC. Accordingly,
only one type of mobile ionic defect (or together with its
thermal-equilibrium counterpart), in addition to electrons
and electron holes, makes appreciable contributions to
charge transport in a particular MIEC. To be specific, we
take an MIEC with oxygen vacancies and interstitials
being the predominant ionic defect as an example for
derivation of equations. The equations derived for this
case, however; can be readily applied to MIECs with any
other types of ionic disorders (this is illustrated later).

For an MIEC containing mobile defects of oxygen vacan-
cies (V,fl, oxygen interstitials (Of'), quasi-free electrons (e'),
and quasi-free electron holes (h) , the directions of molar
flux (N0) for each type of defect in the MIEC are indicated
in Fig. lb for p's, cp, and 0 < V < EN. In terms of activities
(or effective molar concentrations), the mass-action equa-
tions for reactions involving the mobile defects inside the
MIEC (Eq. 1.8a and 1.8b) and at the surfaces (Eq. l.4a or

[1.5] 1.4b) can be rewritten, respectively, in the form

(cee) (ch) = n izf = ke [dJ2 [l.9a]

(c0y0) (ci) = k? — c1fJ (1
—

c0y0

( d "'
= #4 __J [1.9b]
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(CvYv) (CeYe)2 P2 = kg 1 - cv~vj , kg = k'g [1.9c]

where the subscripts v, o, e, and h represent the mobile
charged defects, V', O.", e', and h', respectively, in the
mixed conductor, n represents the effective intrinsic con-
centration of electrons or electron holes while kf corre-
sponds to the effective intrinsic concentration of oxygen
vacancies or interstitials (when [Vo] << 1 and [Oi"] << 1). The
introduction of activity coefficients will be necessary for
electrons and electron holes when their concentrations are
beyond a certain value such as in MIECs with overwhelm-
ing electronic disorders (like degenerate semiconductors),
where Boltzmann statistics is no longer applicable and the
Fermi-Dirac distribution function must be used 3?'3 8

In addition to the mobile defects, the MIEC may also
contain immobile or fixed defects, which can be divided
into two categories: (i) randomly distributed defects such
as ionized donors (Dt) and acceptors (A) and (ii) nonuni-
formly distributed defects such as partially reduced (MM)
or oxidized (Mx) lattice ions in the MIEC. The change in
oxidation state of lattice ions (including dopant ions), and
hence stoichiometry of the material, may occur (readily in
MIECs containing transition metal ions) through capture
or emission of quasi-free electrons and electron holes

MM + e ' = Mf, [M] = k. [MMx] [e ]

Ycnic = kRYeCe 1 - YniCnid )

MX + h' = ML, [Mf] = k0 [MMx] [h']

YpiCp = khch (1 - ypipi 

[1.10a]

[1.10b]

where c,i and cpi are the molar concentration of M~ and
M;, respectively, and kR and ko are the equilibrium con-
stant for partial reduction and oxidation of lattice ions,
respectively. Although the immobile defects do not con-
tribute to charge transport, they do influence charge neu-
trality, the distribution of electrostatic potential, and
hence the transport of mobile defects. For a homogeneous
(without bulk polarization) MIEC containing n types of
mobile and m types of immobile defects, approximation of
local charge neutrality requires that

n+n

E ZkCk 0
k=l

[1.11]

anywhere inside the MIEC. The summation must go over
all types of charged defects, including both mobile and
immobile defects in the MIEC (the effective charge of each
defect is referred to the perfect crystal). The charge neu-
trality, however, is only an approximation, and it does not
necessarily imply that

ntn

d24) FyF ZkCk()
d2 4=(x) Z k= C [1.12]

dx z
E

vanishes inside the MIEC. In other words, the electric field
may vary in a homogeneous MIEC in which charge neu-
trality is assumed (due to very small deviations from
charge neutrality). In fact, Poisson's equation (Eq. 1.12)
can be used to replace the charge neutrality equation
(Eq. 1.11) for a more rigorous formulation.3 In the pres-
ence of internal polarization, however, charge neutrality is
no longer observed and Poisson's equation must be used to
replace the charge neutrality equation.

Continuity equation and steady-state condition.-The
population of defects in an infinitesimal volume inside the
MIEC is influenced not only by transport (VJk) but also by
various defect reactions and equilibrium among defects.

The basic continuity equation for each type of defect can
be expressed as4 2'4 3

ac _ 1 (G)- VJk + (Gk - Rk)
at ZkF

[1.13]

where ack/Ot is the rate of change in population of defect k
in an infinitesimal volume inside the MIEC and Gk and Rk
are the generation and recombination rates, respectively, in
the volume for defect k. Combining the continuity equation
for V. and that for 0O" in a steady state (ack/at = 0), we find

0 = 2V(J o + J) + (GO - GV) - (R - R) [1.14a]

and, similarly, we have

o = LV(J + Jh) + (G - Gh) - (Re - Rh) [1.14b]
F

for electrons and electron holes in a steady state. At ther-
mal equilibrium, the rate of capture of electrons by the
localized states (e.g., Eq. 1.10a) must be equal to the rate
of emission of electrons from the localized states (e.g.,
Eq. 1.10b). Further, because of the equilibrium between
electrons and electron holes (Eq. 1.8a) and between oxygen
vacancies and interstitials (Eq. 1.8b), the net generation or
recombination rate of electronic or ionic defects within a
dense MIEC vanishes. In other words, the only sink or
source of any defects in a steady state must be located at
the surfaces of the MIEC while the electron transfer
processes which may convert ionic to electronic defects or
vice versa within the MIEC, if there are any, must reach an
equilibrium in a steady state. Accordingly, Eq. 1.14a and
1.14b reduce, respectively, to

d ( + J=°) Jin = 
dx drx

d d
(J + Jh) = el = 

dx dx

[1.15a]

[1.15b]

for the MIEC shown in Fig. 1. It can be clearly seen from
the last two equations that, in a steady state, the electron-
ic current remains constant and so does the ionic current
throughout the MIEC for a given E and V. In view of
Eq. 1.3a, the ionic and electronic current density in a
steady state can then be expressed, respectively, as

Ji , = 2FRT uo(l1 + go) d x Uv ( g) d X
dx dx J

- 4F2 (Uc+ uc)d" [1.16a]
dx

Lie = FR T [u(1 + g ± - u(1 + gh -d 

- F
2

(UeCe + UhCh) d 
dx

[1.16b]

It must be noted, however, that the current carried by elec-
trons may be transferred to electron holes (or vice versa)
and, similarly, the current carried by oxygen vacancies may
be transferred to oxygen interstitials (or vice versa) during
transport within the MIEC. This occurs in MIECs that
change character from one type of dominant defect on one
side to another type of dominant defect on the other side
when exposed to a large gradient in chemical potential.

Solutions for MIECs with Three Types of Significant
Mobile Defects

For MIECs containing significant amount of dopants,
the presence of aliovalent impurities can shift the defect
equilibrium into extrinsic regime where the concentration
of one defect is much greater than the concentration of its
thermal-equilibrium counterpart. Extrinsic disorders may
also become significant when MIECs are exposed to an

1816
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fl2
ch(x) = ______

:-Ce(x)

c(x) =

dx [Q + Q'ck + + Q/ck +=
L

k + PCk + Ck

extremely high or an extremely low Po2 so that a consider-
able departure from the stoichiometric composition
occurs. In either case, at least one type of mobile defect
will be a minority defect throughout the MIEC and its con-
tributions to transport may be ignored. For example, it is
well known that a YSZ doped with transition metal
oxides, (Y2O3)8(ZrO2)92(MO), exhibits extrinsic ionic
disorder (i.e., cs,>> c0) over a wide range of Po, (from 1 to
1O0 atm). The electronic property of the material can,
however, change from n-type to p-type (or vice versa)
within the same Po, range. Accordingly, oxygen intersti-
tials may be ignored in the analysis of the ionic behavior
while both electrons and electron holes must be taken into
consideration in the prediction of the electronic behavior
of the material.

For simplicity, the activity coefficients for all defects are
first considered constant (i.e., g = 0 and Yk = although
the activity coefficients as defined by Eq. 1.lc can be incor-
porated into this model without too much difficulty. The
effect of variable activity coefficients (g. 0) on the for-
mulation of extrinsic MIECs is discussed in Appendix A.

MIECs with extrinsic ionic disorders—The MIECs with
extrinsic ionic disorders can be classified into two cate-
gories: the ones with the majority ionic defects being pos-
itively charged (such as V and M") and the ones with the
majority ionic defects being negatively charged (such as
0' and V). In either case, however, both e' and h make
appreciable contributions to electronic transport and nei-
ther e' nor h can be neglected in the analysis.
MIECs with V as predominant ionic defect.—In MIECs
based on metal oxides, V may be created by doping of
acceptors

A20 2A + O + V in MO compounds
[2 1]A,03 - 2A + 3O + V in MO2 compounds

or by departure from stoichiometry resulting from gas-
solid interactions at the surface as described by Eq. 1.4a.
This gas-solid interaction implies that, even for a metal
oxide without dopants, extrinsic ionic disorder (e >> c0)
may prevail if departure from stoichiometry can readily
occur in the compound. Further, electrons or electron holes
may be localized at lattice ions as implied by Eq. 1. lOa and
1.lOb. Thus, the population of quasi-free electrons and
electron holes in the MIEC is generally influenced by the
equilibrium of capture and emission of electrons or elec-
tron holes by lattice ions. Accordingly, the local charge
neutrality approximation (Eq. 1.11) for an MIEC with
c,,>> c0 can be rewritten as

CAy + Cm + Ce C, + 2c + c [2.2a]

where CAV is the molar concentration of A, which repre-
sents an ionized acceptor for creation of V as implied by
defect reaction Eq. 2.1, and the other terms as defined ear-
lier. Doped electrolytes such as YSZ or doped perovskite
compounds like LSM, LSC, and LSF are examples of these
MIECs, in which V is the majority ionic defect due to the
presence of Y'. or Sr'1. and the effect of any minority ionic
defects is negligible. If more than one type of ionized
impurities (or any other types of immobile defects) are
present in the MIEC, the compensation effect among 1
types of immobile defects can be taken into account by
replacing CAy in Eq. 2.2a with a net concentration of ion-
ized acceptors in the MIEC, CA, defined as

CA = — ZC [2.2b]

where c] represents the molar concentration of an ionized
dopant (or any other immobile defect) j, while z corre-
sponds to the number of effective charge (with respect to
perfect crystal) carried by defect j (z, is positive for donor-
type defects and negative for acceptor-type defects).

All ionized dopants or any other types of defects are
assumed to be immobile and distributed randomly in the

MIEC (and hence CA is independent of x) whereas the con-
centrations of partially ionized lattice ions (such as M
and M) may vary with position in the MIEC (i.e., C,,, and

may be a function of x). This is because both Cm and c,1
depend on c and Ch in the MIEC. Thus, the concentration
of immobile charges may not be uniform in an MIEC in
which partial oxidation (k0 0) or reduction (kR 0) of
lattice ions occurs.

Among the unknown defect concentrations, only one of
them is independent because of local charge neutrality
(Eq. 2.2) and the equilibria among the defects as implied
by Eq. 1.9a, 1.9b, 1.lOa, and 1.lOb. For instance, when Ce iS
chosen as an independent variable, the concentrations of
other significant defects in the MIEC can be expressed in
terms of Ce as follows

[2.3a]

[2.3b]

k n2
c,(x)= * [2.3c]

y ) YeCe(X)

c(x) = [cA + [1 + S-jCe(x) — *
ui +

Y,Yhc,(x)

[2.3d]

while the concentration of the minority ionic defect, 0,",
can be calculated as

c (x) = k[1 — c(x)yM/d]
y[yc(x) + kM/d]

since [V,fl [0,"] << 1. Alternatively, when Ch is chosen as an
independent variable, the concentrations of other signifi-
cant defects in the MIEC can be expressed in terms of Ch.

Since Cv>> c0 and j,0 = J + J0 J' the terms containing
c,, in Eq. 1.16a may be neglected. Eliminating d4 from
Eq. 1.16a and 1.16b and substituting for c,, and Ch (using
Eq. 2.3a to 2.3d) or for c,, and Ce (using similar expressions
in terms of ch), we find that the concentration of electrons
(k = e) or electron holes (k = h) satisfies the following dif-
ferential equation

[2.4]

where the coefficients, B, P,, and Q, depend on the elec-
tronic defect under consideration. When the distribution
of electrons is considered, for instance, the coefficients are
given by

B = —FRTUV [2.5]

=
[uhJIO + 2UvJeie [1 + icoJ][nJYp YeYh

P = 2UyCpJ

pe = UeJO,, — 2u + eie

=

[3 [1 + IJ Ue[1 + #.]] [.J
= 2UCA
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QZ = 3e 1 + )
2y

among different types of ionized impurities can be taken
into account by replacing CD, in Eq. 2.9a with a net con-
centration of ionized donors, CD, defined as

CD = ZjCj = -CA
j=l

[2.9b]Q = 2hCA - * I n2

Q =-Uh1 + h _ I_

Similarly, eliminating dx from Eq. 1.16a and 1.16b and
in view of Eq. 2.3a to 2.3d (or similar expressions in terms
of Ch), we find that the electrostatic potential satisfies the
following differential equation

dl = p Q5 + q~kk31 de[2.61
B [(pk + P(p + P2kc' ck)ck [2.6]

Where k = e for electrons or k = h for electron holes and
the coefficients, Bk, pk, and Q, depend on which electron-
ic defect is under consideration. For electrons, we have

B2 = RT/F [2.7]

= (uhJ + ,Je) 

Q6 = UeJon + uvJele 1 +

and coefficients P', P,, and P2 are the same as defined in
Eq. 2.5.

Equations 2.4 and 2.6 can be solved analytically for a
given V and EN to determine the distributions of electron-
ic defects and electrical potential. The analytical solutions
to these equations under different conditions are summa-
rized in Appendix B. With these analytical solutions
(Eq. B-1 to B-6), the ionic and electronic current densities
for a given V and EN then can be determined from Eq. B-1
to B-6 evaluated for k = e at x = L.

In addition, it is important to note that Eq. 2.2 to 2.7
remain the same for MIECs in which several ionic disor-
ders may be significant but with VO being the majority
ionic defect. For instance, when both Frenkel disorder
(Eq. 1.8b) and Schottky disorder (Eq. 1.8d) are significant,
Eq. 2.2 to 2.7 are still valid as long as [VO'] >> [VM] and
[V;'] >> [Ol]. Also, Eq. 2.2 to 2.7 are equally applicable to
MIECs in which Frenkel disorder in the cation sublattice
prevails (Eq. 1.8c) with [M;'] >> [VM] and interstitial disor-
der prevails (Eq. 1.8e) with [M7"] >> [Oi"], provided that the
concentration of the majority ionic defect (M,") is used in
the place of c, in the equations.

MIECs with Oi" as predominant ionic defect.-Similarly,
Oi, may be created in MIECs of metal oxides by doping of
donors

D2 03 - 2D + 20 + 0O" in MO compounds [2.8]

D20 5 - 2D + 40 + 01' in MO 2 compounds

or by departure from stoichiometry due to solid-gas inter-
action such as Eq. 1.4b at the surface. Considering the
effect of capture and emission of electrons or electron
holes by lattice ions (Eq. 1.lOa and 1.10b), we can approx-
imate the local charge neutrality in an MIEC with c >> c,
by

Cni + 2c, + c, e + Cp, + CD,, [2.9a]

where CD,, represents the molar concentration of randomly
distributed ionized impurities present in the MIEC to cre-
ate 0' and the other terms are as defined earlier. If the
MIEC contains I types of ionized impurities to create both
ionic and electronic defects, the compensation effect

where zj and cj are as defined earlier for Eq. 2.2b. It is
important to note that all randomly distributed immobile
defects are lumped to CD or cA so that either cA or CD is
always uniform throughout the MIEC. The immobile
charges due to emission or capture of electrons or electron
holes by lattice ions (or other immobile ions) are repre-
sented by c,, and cp, which may vary in general with ce and
ch in an MIEC.

Analysis indicates that the forms of the equations
describing the distribution of electrons or electron holes
(k = e or h) and electrical potential in an MIEC with
co >> cv are identical to the forms of the equations derived
for an MIEC with c, >> c (Eq. 2.4, 2.6, and B-i to B-6)
because of the inherent symmetry of the two cases. The
only difference between the two sets of equations for the
two types of materiels is that the coefficients B., P, and
Qn defined in Eq. 2.5 and 2.7 will take different values for
an MIEC with c, >> c,. For instance, one modification
needed is to replace subscript v by subscript o and cA by c,
in Eq. 2.5 and 2.7 to get the coefficients for an MIEC with
Co >> cv .

Also, the derived equations are equally applicable to
MIECs in which several ionic disorders prevail but with 0O
being the predomiant ionic defect. For instance, when
both reactions described by Eq. 1.8b and 1.8e are impor-
tant, the derived expressions will remain the same as long
as [O1] >> [Vo'] and [O'] >> [M;']. Further, for MIECs in
which other negatively charged ionic defects (such as V')
are the majority ionic defect, further modification needed
is to replace c by the concentration of the majority ionic
defect (VM).

Extrinsic ionic disorders (c, >> c or c >> c) occur not
only in MIECs with prevailing ionic disorders (kf >> n)
such as YSZ or CSC but also in MIECs with overwhelming
electronic disorders (n, >> kf) such as LSM and LSC.

MIECs with extrinsic electronic disorders.-MIECs with
extrinsic electronic disorder can also be classified into two
categories: the ones with electrons as dominant electronic
defects (n-type) and the ones with electron holes as the
predominant electronic defects (p-type). In either case,
however, both V;' and O0' make appreciable contributions
to ionic transport and neither VO' nor 07 can be neglected
in the analysis.

p-type MIECs ( >> Cn).-In a p-type MIEC, quasi-free
electron holes may be created by doping of acceptors

A2O + 1 02- 2AM + 2h' + 2 O in MO compounds
2

[2.10]

1
A203 + 0,2 2A + 2h' + 4 O in MO compounds

2

or by departure from stoichiometry resulting from solid-
gas interactions at surfaces (Eq. 1.4a or 1.4b proceeding
from right to left). The interaction between electron holes
and lattice ions (Eq. 1.10b) is expected to be far more
important than the interaction between electrons and lat-
tice ions (Eq. 1.10a) because c >> c. Under this condition,
c, and cni may be neglected and the local charge neutrality
approximation in a p-type MIEC then takes the form

cA.h + 2Co = Ch + 2Cv + Cp [2.11]

where c represents the molar concentration of ionized
impurities present in the MIEC to create h'. If the p-type
MIEC contains I types of randomly distributed ionized
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impurities, the compensation effect among different types
of ionized impurities can be taken into account by replac-
ing cAh in Eq. 2.11 with a net concentration of ionized
acceptors, CA, as defined by Eq. 2.2b.

Again, among the unknown defect concentrations, only
one of them is independent because of Eq. 1.9, 1.10, and
2.11. For example, when c, is chosen as an independent
variable, the concentrations of other significant defects in
the MIEC can be expressed as

C0(X) = k [2.12a]
y,7,cv (x)

CA + 2/[ yc,(x)] - 2c() 2.12b
Ch(X) = A Y [2.12b]

1 + hk1yi

Q = (UhJion + UJele)() 'Y

Q = hJion + UvJele 1 'Yh
Ypi

Further, the forms of the analytical solutions to the dif-
ferential equations for a p-type MIEC are identical to
those of Eq. B-1 to B-6, in which k = v or o. Accordingly,
the ionic and electronic current densities for a given V and
EN can then be determined from Eq. B-1 to B-6 evaluated
for k =v at x = L.

n-type MIECs (ce >> c.-In an n-type MIEC, quasi-free
electrons may be created by doping of donor impurities

c(x) = k___ ch(x)

while the concentrations of the minority defects, ce a
can be estimated, respectively, using Eq. 1.9a and 1.1
writing Eq. 2.12a, it is assumed that [Vo <<
[OI] << 1, which are usually true in MIECs in whic
Cv and co are significant or intrinsic ionic disorders pi
Alternatively, when co is chosen as an independent
able, the concentrations of other defects can be expi
in terms of c.

Under the assumption of Ch >> Ce, Jele = Je + Jh J
the terms containing c in Eq. 1.16b may be negl
Substituting for co and ch (using Eq. 2.12a to 2.12c) or
and Ch (using similar expressions in terms of c,
Eq. 1.16a and 1.16b and rearranging the equations, w
that the forms of the governing differential equatio
distributions of ionic defects and electrical potent
p-type MIECs are identical to those of Eq. 2.4 and
this case, however, the superscript or subscript k
equations represents a mobile ionic defect, k = v for
gen vacancies and k = o for oxygen interstitials. The
ficents B, P, and Q, of course, depend on the
species under consideration. When the distribution of
considered (k = v), the coefficients are defined as fol]

Bv = 2FRTu h

B2 =-2( )

Po 4UoJele + Y.- V2uhJi h on k

Pe = -uhcAJion

P2 = 2UhJion + 4UvJle I + hk j
'~pi 

Q = 2(3u + Uo) Yk-2* 

Q = UVCA

Q', = 2uv

Q3 = UCA * *
'Yv'yo 

=4 6 *(Y**)

1
[2.12c] D20, - 2Dh + 2e' + 2 0 + 02

nd c,,
lOa. In
1 and
h both
revail.
vari-

ressed

Jh and
ected.
r for v

) in
'e find
ns for

D205 2D ~ + 2e' + 4 Ox + 02
0 

in MO compounds

in MO 2 compounds

[2.14]

or by solid-gas interactions (Eq. 1.4a or 1.4b proceeding
from left to right). In this case, the interaction between
electrons and lattice ions (Eq. 1.10a) is expected to be far
more important than the interaction between electron
holes and lattice ions (Eq. 1.10b) because ce >> Ch. Under
this condition, c and c may be neglected and the charge
neutrality approximation in an n-type MIEC can be
expressed as

c_ + c + 2co - 22c + cD,e [2.15]

tial in where ce is the molar concentration of ionized donor
2.6. In impurities present in the MIEC to create e'. If the n-type
in the MIEC contains I types of randomly distributed ionized
r oxy- impurities, the compensation effect among different types
coef- of ionized impurities can be taken into account by replac-
ionic ing cD,, in Eq. 2.15 with a net concentration of ionized
V' is donors, CD, as defined by Eq. 2.9b. Again, analysis indi-

lows cates that the equations describing the distributions of the
ionic defects and electrical potential in an n-type MIEC

[2.13] are similar to the equations for a p-type MIEC (Eq. 2.4,
2.6, and B-1 to B-6 with k = v or o). One modification
needed is to replace the subscript h by subscript e and CA
by CD in Eq. 2.13 which defines coefficents B, P, and Q,'.

Extrinsic electronic disorders (c, >> ch or ch >> c) occur
not only in MIECs with overwhelming electronic disorders
(ni >> kf) but also in MIECs with prevailing ionic disorders
(kf >> ni).

Variations in other properties.-Since conductivity and
transference number are defined in the absence of chemi-
cal diffusion (Vpk = 0 or Vck = 0), the variation in partial
conductivity (due to the motion of each type of defect
under the influence of electric field) can be calculated from

a(k(X) ,dlx- zkF
2
ukck(x) [2.16]

-dfb/dx

while variation in transferance number for each type of
defect can be determined as

tk(X)) - k(x) - zkUkCk(X) [2.17]

X Jk,dift(X) Y. ck(x) : Zkke(X)
k=l k=l k=1

Clearly, the transport properties can vary considerably
with position in MIECs in the direction in which there
exists a gradient in Po2. Thus, the average conductivity over
the thickness of a sample , <k>, can be determined as
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1 1 -L dX _ 1 ( 1 dx 2.18
<k> L J=o t (tx) L k(zFU) C() [2.18]

whereas the average transference number over the thick-
ness is given by

<tk > =- <(k >

<(Tk >

k=l

[2.19]

When the MIEC is in equilibrium with 02 gas, Eq. 1.9c
prevails and, hence, the variation in virtual partial pres-
sure of oxygen within the MIEC can be determined from

P, (x)

02

1- -yvc v(x)M/d

--ycM/d I (C ())( C,(X)I

which can be adequately approximated by

po,() ( c )( ) =
Po2 tev~x) t~e~z4

2 ( 

[2.20a]

[2.20b]

when [V'] << 1 (this is true in MIECs in which intrinsic
ionic disorders prevail or both c and c are significant).

Further, the variations in electrostatic potential, Fermi
level, electrochemical potentials of ionic defects, and the
current carried by each type of defect can also be calcu-
lated from the ionic and electronic current densities and
the variations in concentrations and transport properties.

Solutions for MIECs with Two Types of Significant
Mobile Defects

For MIECs in which both ionic and electronic disorders
are extrinsic (c, >> ch or Ch >> C, and c >> c or c, >> cv),
there are only two types of significant mobile defects, one
ionic and one electronic. This is the simplest yet the most
important class of MIECs. Under certain circumstances, in
fact, many technologically important MIECs may be treat-
ed as an MIEC containing only two types of mobile
defects, including materials based on doped zirconia,
ceria, and bismuth oxides as well as perovskite-type com-
pounds like LSM, LSC, and LSF

For MIECs with two types of significant mobile defects,
coefficients Pok, Qk, Q'3, Q4k, and Q5 become negligible and,
hence, Eq. 2.4 and 2.6 reduce, respectively, to

d= [Qk + Qc k [3.1a]
B: bp, + pck J

Bk =Pk + pkCk dc [3.1b]

where the subscript or superscript k represents a mobile
defect inside the MIEC (k = e, h, v, or o). Equations 3.1a
and 3.1b can also be obtained by eliminating dd( and dx,
respectively, from Eq. 1.16a and 1.16b while noting that
only two types of mobile defects are significant. For the
general case, i.e., p2k # 0 while Pk may take any value, inte-
gration of Eq. 3.1a and 3.lb over the thickness of the
MIEC yields

- )x = Q[c(x) -c] + (Q _ P ln[ P (x + Pk ]

[3.2a]

( k- [ In K ] · P- [3.2b]

These two equations are the general expressions for distri-
butions of defects and electrical potential in MIECs with

two types of significant mobile defects. They can also be
obtained, respectively, by ignoring the terms containing
coefficients POk, Qk, Qk, Q4k, and Qk in Eq. B-1 (or B-3) and
B-2 (or B-4) in Appendix B.

Although P is apparently a function of J,,, and Jio, (as
defined in Eq. 2.5), evaluating Eq. 3.2a and 3.2b at x = L,
we find that Pk is, in fact, independent of Je,,, and J,, and
is related to (c[k - c) and 4" - X' as follows

p2
k = Q2 [(C - Ck) + k(+II _ 41)]

L

where the coefficient k is given by

Pk P2k k-P Q2

B2 Q2 6

[3.3]

[3.3a]

which is independent of J,, and Jio and is determined pri-
marily by CA or cD while 4" - is related to the electrical
state of the MIEC as defined by Eq. 1.7: Thus, P is a
known constant for a given electrical (V) and chemical (p02
and p 2) condition.

In order to gain some insight into the distributions of
defects and electrical potential, let us examine the limits
of the general equations (Eq. 3.2a and 3.2b) under some
special conditions. In the absence of uniformly dis-
trubuted immobile charges (i.e., CA -. 0 or cD -* 0), coeffi-
cient P and Qk vanish and, hence, Eq. 3.2a and 3.2b sim-
plify, respectively, to

I x
Ck(X) - C = ( - Ck -

L
[3.4a]

[3.4b]

indicating that the distribution of each mobile defect is
linear while the distribution of the electrical potential is
logarithmic along the thickness of the MIEC.

In the presence of uniformly distributed immobile
charges (i.e., CA 0 or C # 0 and, hence, P4k # 0 and
QX # 0), however, Eq. 3.2a and 3.2b can be rewritten as

Ck(X Ck = (Ck Ck) L + [(I - ) - [+(X) - 4]]

[3.5a]

dx) - 42 = (n- q4)L) Ck+ K1 - - I - C I
L L I c

[3.5b]

Evaluation of the last two equations indicates that, when
CA # 0 or CD O0, strictly speaking, the distribution of nei-
ther electrical potential nor each type of defect is linear
since the last term in both equations is nonlinear.
However, the distributions of mobile defects approach lin-
ear while the distribution of electrical potential approach-
es logarithmic as coefficient k (or CA or cD) becomes suffi-
ciently small. In contrast, when (or CA or CD) is
sufficiently large, Eq. 3.2a and 3.5b reduce, respectively, to

C (x) + 
p-k [ + k )expj [ . ( I) xj

+(X) - 4I (411 _ L ))X

[3.6a]

[3.6b]

suggesting that the distribution of electrical potential
approaches linear while the distributions of mobile defects
approach exponential. Except these two limiting cases,
however, the distributions of defects and electrical poten-
tial are nonlinear in general. The deviations from linear
distribution depends on the value of Ok, which is deter-
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mined primarily by CA or c,, the concentration of uniform-
ly distributed immobile charges.

MIECs with two types of significant mobile defects can
be divided into four groups and the coefficients for each
type of MIEC depends on the defect equilibria prevailing
in the MIEC. In this section, the equations for .1,,,, ele,
ck(x), and 4)(x) are derived for each type of MIEC under the
general conditions (i.e., P ri 0). Similar equations for each
type of MIEC under a special condition, P = 0, are sum-
marized in Appendix C. Once Ck(x) and 4)(x) are deter-
mined, variations in other properties inside the MIEC,
such as Ok(X), tk(x), p02(x), 110,(x), and ilk(x), can be readily
obtained using Eq. 2.16 to 2.20 and Eq. 1.1.

MIECs with V and e —When c,,>> c,, and Ce>> ch, the
electroneutrality equation, Eq. 2.2 or 2.15, reduces to

CA + Cm +Ce 2; [3.7]

The distribution of V ore' is determined by Eq. 3.2a with
k = v or e while the electrical potential distributes accord-
ing to Eq. 3.2b with k = v or e. When the electrons are
under consideration (i.e., k = e), the coefficients B, P,',',
and Q in Eq. 3.1 and 3.2 are the same as defined in Eq. 2.5
and 2.7 whereas Eq. 3.3 takes the specific form of

pe = FRTUeUv J31+ Y--)(c" — c')L e

+
2cA [in[J + .Yi]} 0 [3.8J where

where

1 + = CA
[3.8a}

Thus, P is indeed independent of k and is a known con-
stant for a given V and EN (or P, and P,). Evaluating Eq.
3.2a at x = L, we find that, in terms of P and other known
constants, the electronic current density can be deter-
mined from the following implicit expression

RT (e"

ln P2ec — 2UVCAJ
F (P2ec — 2UVCAJeIC)

while the corresponding ionic current density can be
determined from

= 1 pe + 2u11 + 1)jele
Ue

The distribution of electrons in the MIEC is then given
implicitly by

FRTUVUC 3[2cV
CA J[c(x) c]

+ [2cA
- 7 CA J] in [3.lOa]

whereas the distribution of electrical potential is given
explicitly by

4)(x) — 4 = r + 3UvJeie 12 CA ln [e +
F L pe Ce )J L peCI +

In the absence of impurities (i.e., CA = 0), the extrinsic dis-
orders in the MIEC may arise merely from considerable
departure from stoichiometry due to reactions at the sur-
face (Eq. 1.4). Accordingly the general expressions Eq. 3.9
and 3.10 then simplify, respectively, to

= [ln)]( —
1)

[3.lla]

= [intj —
— 1) [3.llbI

c(x) (c11 "ix
[3.12a]

4)(x) - 4)' = + ]ln[1 + - i]] [3.12b]

C' C1 tr ir'
C C cT cr,

= 1h/6 [ - CM/d13 1h/6 [3.12c]
(P) L — C'jM/dj (\p2)

The last approximation is under the assumption of
IVJ << 1. Thus, the ratio of C/C in Eq. 3.11 and 3.12 can
be replaced by cr'/a or o'/a or approximated by
(1/pg2)"6. Once Ce(X) is determined, the concentrations of
other significant defects can be calculated as

C(X) =
CAJ() + CA]

[3.13a}

C(x) =
[2c

CA —
iJ Ce(X)

J=ele

3u[1 +

— [3.9a]

[3.13b1

while the concentrations of the minority defects, c0 and;,
3 9b1 can be determined from Eq. 1.9a and 1.9b. When the uni-

formly distributed charges arise merely from ionized
acceptors for creation of V, and donors for creation of e',
we can define CA = CAy — CDe to take account of the effect
of both donor and acceptor defects.

MIECs with V and h.—When c >> c0 and e,, >>
Eq. 2.2 or 2.11 reduces to

CA C1, + 2c + c,,, [3.14J

The distribution of V or h is determined by Eq. 3.2a with
k = v or h while the electrical potential distributes accord-
rng to Eq. 3.2b with Ic = v or h. When oxygen vacancies are
under consideration (i.e., k = v), the coefficients B', P,
and Q in Eq. 3.1 and 3.2 are the same as defined in
Eq. 2.13 while Eq. 3.3 can be rewritten as

= 4FRTUU {(c - c) + CA [i [_J + x]} 0

{3.lObJ [3.15}
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which is independent of h and is a known constant for a
given Vand EN. Evaluating Eq. 3.2a at x = L, we find that,
in terms of P7 and other known constants, the ionic cur-
rent density can be determined from the following implic-
it expression

the corresponding electronic current density can be deter ________
mined from

— p0' — 2u5J10,,
ole

4u0 1 +
.Ypi

while the distributions of V, and electrical potential can =
be expressed, respectively, as

—P°x = 2[c (x) — c'] + Ic — !ln + p0

2FRTu0u0
V V p0 ) pVJ +

[3.17a]

4(x) — = FT 2UJ010 ('+ — 1 ln[PV_+F pV
(, L P7c+Tr

[3.17b]

c —2c
[3.17c]

c},

The concentrations of other significant or minority
defects as well as variations in properties of the MIEC can
be further calculated as discussed earlier. When the uni-
formly distributed charges arise merely from ionized
acceptors for creation of both V,and h, we can define
CA = cAV + cAN to take into account of the effect of all
acceptor defects.

MIECs with 07 and h.—When c0 >> c, and ch >> c0,
Eq. 2.9 or 2.11 reduces to

cA + 2c0 ch + cpi [3.18]

The distribution of 07 or h is determined by Eq. 3.2a
(k = o or h) while the electrical potential distributes
according to Eq. 3.2b (k = o or h). When electron holes are
under consideration (i.e., k = h), the coefficients in Eq. 3.1
and 3.2 are given by

= FR Ta0 [3.19]

B' =

P' = 2UOCAJOI.

ph = 2u0 1 + —
UNJIVV B? = —2FRTh0

.yp1

= 2u,c
Pl = UVCDJO0

Q=3u1, i+1y.
.INi

= . + + uJ100 Q7 = uOc

Jion = [3.1 6a]

and in view of Eq. 3.3, P2° can also be expressed as

ph = —FRTuhuO {3[l + 0(c — c)L

—
2cA

[ln
(2J + + 0 [3.20]cJ RTjJ

where

1 + = 2c + CA
[3.20a]*

[3.16b] Thus, the electronic and ionic current density can be
expressed, respectively, as

+

[3.21a]

1 [ 2c' +
CAJJ —

Ph]
[3.21b]J. =—12u01 0

UhL c
while the distributions of h and electrical potential can be
expressed, respectively, as

Phx = _3 + io1[ch(x) — c]
FRTuhuO )

+2CA+3[

*— l+Iln] [3.22a]* II

L ; j [ p5i

where

3UoJeie l+Thl!2- —1 ln+
F ph •* [ phIph

[3.22b]

When the uniformly distributed charges are due merely
to impurities for creation of h and 01", define cA =
cAh — CD. to take into account of any compensation effect
of donor and acceptor defects. For MIECS with V and h
being the majority defects, Eq. 3.18 to 3.22 remain the
same provided that the c0 in the equations is replaced with
the concentration of V.

MfECs with 07 and e '.—When c0 >> c, and c0 >> ch,
Eq. 2.9 or 2.15 reduces to

c0, + 2c, + C0 = C [3.23]

The distribution of 01" or e' is determined by Eq. 3.2a
(Ic = o or e). While the electrical potential distributes
according to Eq. 3.2b (Ic = o or e). When oxygen intersti-
tials are considered (i.e., Ic = o), the coefficients in Eq. 3.1
and 3.2 can be defined as follows

[3.24]

= 2uJ100 + 4u0 [1 + .)YEa..'] eIe
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+ = CD — 2c

Ce

= 2u0

= UJ10,, + u0 + ele

while P can also be expressed as

po = 4FRTUoUe — c) + c [in(J + .]} o
[3.25]

Thus, the ionic and electronic current density can be
expressed, respectively, as

Jion

j — P20
—.

2tLeJ,o0
ele

4u Ii +
O\

1. Mobility (uk) and equilibrium Concentrations (ct, and
c,') of each defect (or alternatively, the partial conductivi-
ty due to the motion of each defect, cr and cr) in the MIEC
when immersed in a uniform atmosphere having oxygen
partial pressure of p' and p2 at a given temperature.

2. Activity coefficient of each defect (y) if it is deviated
from unity.

3. Equilibrium constants for defect reactions which
appreciably influence the defect equilibrium in the MIEC.
For MIECs in which both ionic and electronic disorders
are extrinsic, however, n, and k0 are not needed to deter-
mine the distribution of significant defects and electrical
potential; they would be needed to calculate the concen-
trations of the minority defects.

These properties primarily determine the coefficients
(Qk and pk) in the general Eq. 2.4, 2.6, 3.1, and 3.2 and the
coefficients, in turn, determine the behavior of a particu-

13 26 lar MIEC. Accordingly, modeling the behavior of an MIECaJ starts with identifying these coefficients for the MIEC
under consideration.

In this section, we take an MIEC with V and e' being
the predominant defects as an example to illustrate how to
use Eq. 3.9 and 3.10 for predicting the steady-state behav-

[3.26b] ior of an MIEC under the influence of various electrical (V)
and chemical (p and p2) conditions. Also, for some con-
ditions discussed below, the derived general expressions
are further simplified by letting CA —* 0 in order to gain an
easy insight into the derived equations. For an MIEC con-
taining negligible amount of uniformly distributed immo-
bile defects (i.e., CA 0), only two independent transport
properties of the MIEC are required as input data: cr and

as measured in a uniform atmosphere with p2.

[3.27a1 Current-voltage-p02 relationship—Combination of Eq. 3.9a
and 3.9b yields the total current density passing through
the MIEC

while the distributions of 0' and electrical potential can
be expressed, respectively, as

= 2[c (x) c'] + [CD + !lln[ +
2FRTU0Ue

° °
L 1 j L Poe +

4(x) — =. — 2U0J1 i + Y2S-' in [POC(x) + P10
F p0 *

) poO +

[3.27b1
where

[3.27c]

When the uniformly distributed charges are due only to
donor impurities for creation of both e' and 0", define
CD = CD0 + CDO to take account of the effect of all donor
impurities.

Discussion of Solutions
Integration of transport equations for a given set of

boundary conditions (V and EN) yields analytical expres-
sions for (i) steady-state distributions of defects, ck(x),and
electrical potential, 4(x), in the MIEC; (ii) variation in
transport properties such as partial conductivity, o,(x),
and transference numbers, tk(x), in the MIEC; and (iii) cur-
rent carried by each defect, Jk(x), chemical potential of
oxygen, p2(x), and the electrochemical potential of each
defect, k(X), in the MIEC.

Equations B-i to B-6 are the general expressions for dis-
tributions of defects and electrical potential in MIECs
containing three types of significant mobile defects
whereas Eq. 3.2, C-i, and C-2 are expressions for distrib-
ution of defects and electrical potential in MIECs with two
types of significant mobile defects. These expressions can
be used not only to predict the steady-state behavior of an
MIEC under the influence of various chemical and electri-
cal stimuli applied to the MIEC, but also to predict the ter-
minal voltage across the MIEC (the electrical state) for a
given J and EN, or to determine the expected oxygen par-
tial pressures at the interfaces (the chemical state) for a
given J and V. These expressions are applicable to a vari-
ety of MIECs with very different characteristics.

The model, however, requires prior knowledge of the fol-
lowing properties of the MIEC as input parameters

=

—
CA)

+ uecui[in1"J+ V]j+
r [4.la]1! —

F IFc — 2UVCAJI

When CA — 0 and in view of Eq. 3.12c, Eq. 4.la simplifies to

— (o+ 6V — 3RT o — i [4.lbl-
L ) ( 2F L

po

Equations 4.ia and 4.lb are the general relationship
among the observable current density (JT), voltage across
the MIEC (V), and the partial pressures of oxygen to which
the MIEC is exposed (or EN). Shown in Fig. 2 are some typ-
ical current-voltage characteristics for MIECs with differ-
ent properties under a specified chemical condition
(Pg2/p2 = 1020 or EN = 1.07 V at 800°C). The current densi-
ties were calculated using Eq. 3.9a, 3.9b, and 4.1. Three
interesting cases need special attention.

1. When V = 0 and EN 0, Eq. 4.la and 4.lb reduce,
respectively, to

= 1F31 - + 1ln12 - CA =2F L ) [ c ) c) 2c - CA)
'°°

[4.2a]
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Fig. 2. Current-voltage characteristics of MIECs with different
properties: (a) <t> 14% (CA = 5 X 10, c 2.52 X 10, d =
2.5)< 10, and c = 4.0 X 106 mol/cm3) and (b) <tn> 31.6%
(CA = 5 x 10, = 2.5 x 10, d = 2.5 X 10, and c= 1.0 X0' mol/cm3). It is assumed that = I 0°, U = 1.0 x 106,

= 1.0 X 10 mol cm2 J1 s', T = 800°C and L = 0.1 cm.

jT111L2F) p)
=

_3[2FD L
= [4.2b]

implying that the electronic current vanishes (i.e., J,,. = 0)
and the observable current is due merely to the motion of
ionic defects (i.e., JT = J10). This can be readily interpreted
by noting that, when V = 0, Eq. 1.7 can be rewritten as

RTln[- — F(42" - 4) = - = 0

Thus, V = 0 implies that = = 0 (i.e., there is no dri-
ving force for transport of electronic defects) and hence
,le = 0.

2. When V = EN and EN 0, on the other hand, Eq. 4.la
and 4.lb reduce, respectively, to

suggesting that the ionic current vanishes (i.e., J0 = 0) so
that the observable current is due merely to the motion of
the electronic defects (i.e., JT = Jei,). This is because, when
V = EN, Eq. 1.7 can be rewritten as

1-I

RT IIP0,i I— 4' = ————ml — I i — i
2F

j
which is identical to

RT in [J + 2F(42u - 421)_ -

Thus, V = EN implies that Vfi,, = VL,, = 0 (i.e., the driving
force for ionic transport vanishes) and hence J,,,, = 0.

3. When J = 0 and EN 0, to an outside observer, the
transport of defects within the MIEC is apparently driven
merely by the chemical potential gradient of oxygen,
although it is an electrochemical process in nature. The
observed voltage across an MIEC is the open-cell voltage
(OCV), which can be either readily determined experimen-
tally or calculated as follows

V0, = V(J. = 0)

RT,[UeC — u(2c —
CA) + o')

F [u,c + 2u (2c — CA)] ir + o ) )j
[4.4a}

When CA — 0 and in view of Eq. 3.12c, Eq. 4.4a reduces to

= I m I.2') = t'E [4.4b]
a' + cr, ) \ 4F)

Equation 4.4b agrees with the expression for OCV derived
initially by Wagner under the assumption that the interfa-
cial reactions are sufficiently fast. Thus, the effective or
average ionic transference number of an MIEC under the
conditions can be expressed as

ir u c' — u (2c' — c 1 (cr" + p.11
<t > = ___________ e e V V A in I ,(n LUeC + 2u (2c -. CA).] +

in
LPc

which reduces, when CA 0, to

— in [4.5a]

=
I

1 = = I1 = 11 [45b1
cT + u, cr + cr'1

That is, the transference numbers are independent of posi-
tion in an MIEC with CA 0.

Clearly, any deviation in voltage across the MIEC away
from OCV, V — V0, represents an alteration of the electrical
state of the MIEC through an external circuit. When V = V0
or when the MIEC is not connected to a circuit, however,
there still exists a built-in electric field within the MIEC
induced by an applied EN 0. Under an open-circuit condi-
tion, the total or observable current vanishes so that the
ionic current is exactly balanced by the electronic current

—RTFu u c' I (c"= = e v ' 3(2c. CA)I— —1
Vfl ee

[u,c + 2u (2C — CA)IL I I c,'

0,08

0.04

0

.004

.006

.0.12

0.2

0.I

02 :4 08

-

4-C
C)

0
C)
N
CC

EI-0z

-
-)'b.

4-
C
C)
I-
0
V
C)
N
(C
E
0z

0

(b)

-0.1

-0.2

-0.3

V,,= 0.733

(b) <t8> = 31.6%

0.2 0.4 0.6 0.8 I 1.2

Cell Voltage (V)

= [I - - I in = J [4.3a}
2FL) ) c) c)j

= —

1]

= = d,ff.e

[4.3b]

r — u (2c — CA)

]ln
[4.6a]

+2CAL
Iu,c, + 2u(2c — CA) UT J
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a,
0

a)

u.l

When CA 0 and in view of Eq. 3.12c, Eq. 4.6a reduces to
— I v= ______

L
1]

EN uEN - vJ] [4.9b]

= (t — 1) 3RT

The use of a mixed-conducting electrolyte in an SOFC may
also reduce interfacial polarization because of perceived
high catalytic activity of MIECs. However, the OCV of the

C1 cell is reduced due to the electronic transport in the elec-
= _3[(DVt)[v L J] trolyte, as implied by Eq. 4.4. Thus, the viability of using a

mixed-conducting electrolyte for SOFCs depends on the
i i overall energy efficiency expressed by Eq. 4.9.

—t (3RT p2,

] ]

Figure 3 shows the effect of cell voltage on the efficiencies
1 of a SOFC based on mixed-conducting electrolytes with dif-

=
L

ferent transport properties. Clearly, the electronic transport
is suppressed rapidly as the cell voltage is reduced.

_•[F(DetV)C'
[4.6b]

Accordingly, there is an optimal operating cell voltage at
which the energy efficiency reaches a maximum, depending2 on the transport properties of the electrolyte, In particular,
it is noted that, for MIECs with <te>smaller than 10%, the

where energy loss due to electronic transport through the MIECs is

= o,(l - t) = — _______ reasonably small when the cell is operated at voltages lower
[4.7a] than 0.7 V.—

cT +
Distributions of defects, electrical potential, and other

and properties.—Shown in Fig. 4, 5, and 6 are the distributions
Dt = Det [4.7b] of defects, virtual partial pressure of oxygen, electrical

potential, and the electrochemical potentials of mobile
are the anibipolar conductivity and diffusivity of the MIEC, defects hi an MIEC for a given chemical condition (P2 and
respectively. These two parameters characterize the ability pg2) under the influence of the electrical states (1/) of the
of an MIEC to transport both ionic and electronic species surfaces.
simultaneously. Equation 4.7a and 4.7b are identical to In Fig. 4, it is assumed that the MIEC has predominant
those derived previously to describe ambipolar transport ionic disorder. The corresponding current-voltage charac-
properties of MIECs.24 The current density given by Eq. 4.6 teristics of the MEC are shown in Fig. 2a. With dopant con-
is also called permeation current density since the transport centration of 5 )< i04 mol/cm3 and Pg2/p2 = 1020, the con-
of charged defect results in "oxygen permeation" through centration of V is relatively constant (varied less than
the MIEC. 1 mb) throughout the MIEC while the concentration of

Thus, the examination of the current-voltage-p02 rela-
tionship indicates that the derived general equations
(Eq. 3.9a and 3.9b) reduce to some simple and familiar ones 100

(Eq. 4.4b, 4.7a, and 4.7b) ni the limit of CA — 0 (i.e., for an
essentially pure MIEC).

(a)

23.5

<1> "31.6%

8C
a,600

.40
a)

EN 1.07 V

800°C
20

'09. %'.Efficiencies of SOFCs based on mixed-conducting elec-
trolytes.—Mixed-conducting electrolytes, such as CeO2-
and BaCeO,-based electrolytes,23 have been proposed as
electrolytes for SOFCs because of their high ionic conduc-
tivities. However, the transport of electronic defects through
the electrolyte for an SOFC represents an energy loss
process. This is because the chemical energy is consumed at
a rate corresponding to the ionic current whereas the cur-
rent delivered to the external circuit is the observable or the
total current. In view of Eq. 3.9a, 3.9b, and 4.1, the current
efficiency for an SOFC based on a mixed-conducting elec-
trolyte can be expressed as

= i + = 1 + [ uec
J10, J, [u(2c — CA)

v + -iln 1- — in (PC 2UVCAJ,,
F [ l, c) pecl —

2uVCAJ,I,
( [4.8a]

2V + in 1_' + lnI'' 2UvCAJeleF c) pe —
2UvCAJe1

where V is the voltage of the cell (0 V V0,, � EN) when
an observable current density of T is drawn through the
cell. The overall energy efficiency of the cell is given by

v(
= -i-— '—J [4.9a]

where V/EN is the voltage efficiency of the cell. As CA —' 0,
Eq. 4.8a and 4.9a reduce, respectively, to

0

100
0.2 0,4 0.6

60

0.6

60

40

20

_T_ a( v11 — — — 1 — —
J10, r EN — V

Cell Voltage (V)

Fig. 3. Calculated (a) current and (b) energy efficiency of on SOFC
based on an electrolyte of MIEC with different properties: <'e> =

[4.8b} 0.1,5,9.5, 14,23.5, and 31.6% (it is assumed that = 1020,
= 1.0 x 106, u. = 1.0 X lO9molcm2J_1 s1,and L = 0.1 cm).
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electrons varied about five orders of magnitude.
Accordingly, the ionic transference number varied from
t 0.99996 to t = 0.2. The effective or average ionic
transference number of the MIEC under the conditions is
calculated to be 0.86 using Eq. 4.5 and the OCV is 0.922 V
calculated using Eq. 4.4. As shown in Fig. 4a and b, the
distributions of defects, and hence conductivities and

transference numbers, are strongly influenced by the elec-
trical states of the MIEC (i.e., the voltage across the
MIEC). The variation in Po2, calculated using Eq. 2.20, is
shown in Fig. 4c whereas the distribution of electrical
potential, calculated using Eq. 3.lOb, is shown in Fig. 4d,
which is approximately linear. Clearly, the variations in
both p0.,(x) and (x) are also strongly influenced by the
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Fig. 4. Distributions of (a) oxygen vacancies, (b) electrons, (c) vir-
tual partial pressure of oxygen, (ci) electrical potential, (e) electro-
chemical potential of oxygen vacancies, and (f) Fermi level in an
MIEC with CA 5 X 4 = 2.52 X 10, 2.5 X 4 =
4.0 X 10-6, and 4 4.02 10_I 1 mol/cm3 exposed to p2/2 =
1020 at 800°C (u = 1.0 x 10', and u, = 1.0 x i0 mol cm2 t1
s'). The number by each curve corresponds to the voltage across
the MIEC in volts.
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voltage across the MIEC. Further, shown in Fig. 4e and f
are the variations in electrochemical potentials of oxygen
vacancies and electrons using Eq. 1.1. The slopes of these
curves are the overall driving forces for transport of
defects in the MIEC. It can be clearly seen from the plots
that V = 0 for V = 0 and VILV = 0 for V = EN as discussed
earlier.

In Fig. 5, it is assumed that the dopant concentration is
5 x i0mol/cm3, i.e., one order of magnitude smaller than
the value assumed for CA in Fig. 4. The corresponding cur-
rent-voltage characteristics of the MIEC are shown in Fig.
2b. The concentration of V varied about two orders of
magnitude while the concentration of electrons varied
about four orders of magnitude for P',/p2 1020.
Accordingly, the ionic transference number varied from
t' = 0.99 to t = 0,5, with an effective or average ionic
transference number of 0.684 and an OCV of 0.733 V. In
comparison to the case shown in Fig. 4, it is noted in Fig. 5
that (i) the voltage across the MIEC has much less effect on
variations in C0(x) and Po2 and (ii) the distribution of elec-
trical potential is clearly nonlinear.

In Fig. 6, it is assumed that the MIEC contains negligi-
ble amount of uniformly distributed charges (i.e., CA — 0).
Accordingly, Eq. 3.11 and 3.12 (instead of Eq. 3.9 and 3.10)
were used in predicting the behavior of the MIEC. In this
case, ce(x)/c = c(x)/C throughout the MIEC and, hence,
the ionic transference number is independent of position
in the MIEC. Further, unlike the cases shown in Fig. 4 and
5, the distributions of defects and Po, are completely md-
pendent of the voltage across the MIEC. However, the elec-
trostatic potential distribution is still influenced by the
voltage across the MIEC.

Now, let us examine the effect of uniformly distributed
charges (CA) on the distributions of mobile defects and
electrical potential. For MIECs with V and e' being the
majority defects, Eq. 3.5a and 3.5b take, respectively, the
form of

Normalized Distance (x/L)

Fig. 5. Distributions of (a, top) oxygen vacancies and virtual par-
tial pressure of oxygen and (b, bottom) electrical potential in an
MIEC with CA = 5 X 10, c,= 2.5 X 10, c =2.5 x 10, and ç =
1.0 X 10, and c = 1.0 x 10 mol/cm3 exposed toF)2/J, = 1020
at 800°C (u, = 1.0 X 106 and u = 1.0 X 10'-' mol cm J" s_1)

c,(x) — = (c' —

+ __________ - - ((x) -
')] [4.lOa]

3(2CV CARTL Lc )
(x) - = (° -

3(2C' —c RT (C"—Cflx (c(x)—cfl+ _ v A I— I e e — e e
[4.lOb}2 C ) F CA )L CA )

Thus, strictly speaking, the distribution of neither electri-
cal potential nor electrons is linear when CA 0. In prac-
tice, however; when CA is sufficiently large so that

1c° FV
in I —- I +

C — C —
— C) ,RT

CA 3RT 2C — A 3 (2c, — CA2FC) 2c
for the range of EN and V of interest, the nonlinear term (or
the last term) in Eq. 4.lOb becomes negligible and, hence,
the distributions can be adequately approximated by

(x) =1+
-;F-

Normalized Distance (x/L)

Fig. 6. Distributions of (a) electrons and virtual partial pressure of
oxygen and (b) electrical potential in an MIEC with c/ = 4.64 X
1 Q_4 exposed to = 1020 at 800°C. The electric field in the
MIEC vanishes when the applied voltage is 0.71 V while the distri-
butions of defects and p0, are independent of the voltage across the
MIEC.

[4.11]
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+X 11-v

That is, the distribution of electrical potential is approxi-
mately linear while the distribution of electrons is approx-
imately exponential. It is noted, of course, that both the
chemical and electrical conditions imposed on the MIEC
will also influence the distributions of mobile defects and
electrical potential. An example of MIECs satisfying
inequality 4.11 is illustrated in Fig. 4, where (c —C/CA(
0.008, ln (c'/c) —11.5, and (2c — cj/c 1. Accordingly,
inequality 4.11 reduces to

ductivities of an MIEC in Hebb-Wagner experiments. The
electronically blocked conditions are examined in detail
while the ionically blocked conditions are discussed fur-
ther because of the similarities of the two cases.

When the electronic current is completely blocked (i.e.,
J,1. = 0), the observable current is due merely to the motion
of ionic defects, as implied by Eq. 4.2. Evaluating Eq.
3.lOa under this condition, we find that the e' distributes
according to

4.96 x i0 cc —1.07 + v( [4.llaJ
which is true except when the voltage across the MIEC is
approaching the Nernst potential (i.e., V EN = 1.07 V).
For most applications, the electrical state of an MIEC
varies from a short-circuit (V = 0) to an open-circuit
(V = V0,,) condition. In particulai for 0 5 Vs = 0.922 '
the electric field in this MIEC can be adequately approxi-
mated by a constant, implying that the charge neutrality is
nearly strictly observed from a practical point of view and
the Poisson's equation (Eq. 1.12) may be adequately
approximated by Laplace's equation (V24) = 0). The physi-
cal implication of this mathematical consequence is that
the larger the concentration of uniformly distributed
immobile charges (CA) in comparison to the changes in con-
centration of mobile defects (c —c), the better the charge
neutrality is observed in the MIEC. If the electric field can
be adequately approximated by a constant, mathematical
formulation of the MIEC can be greatly simplified. For
instance, the implicit equations for k(X) and ck(x), such as
Eq. 3.9a and 3.lOa, become explicit.

Similarly, when CA is sufficiently small so that

— x)— c"+ 2çc—

3RTI V c]
—

3RTFu[ c )[ c
[4.14a]

Inserting Eq. 4.14a into Eq. 3.13a, we find that the distri-
bution of the V, is given by

c(x) = c — — + "i0' — x)
[4Mb]

6RTFu
—

6RTFU,,

Since both electrons and oxygen vacancies distribute lin-
early when e1e = 0, the average concentrations of e' and V0"
in the MIEC are related to their surface concentrations as

cc> = c + c = [4.lSaI
2

c + c? A
ccv> = = cv [4.15b]2

I (' FV
Iln I - +

Ic — I ci RT>> I [4.13]
cA I 3 (2c — CA I

4 c )

which are also identical to the uniform concentrations of
e' and V, as J10,, —* 0. If we define the conductivities of the
MIEC with uniform composition (ie., Vck = 0 or without
polarization) as

= F2Uee

for the range of EN and V of interest, the nonlinear term (or
the last term) in Eq. 4.lOa becomes negligible and the dis-
tributions can be approximated by Eq. 3.12a and 3.12b,
i.e., the distributions of electrons is nearly linear while the
distribution of electrical potential is close to logarithmic.
An example of MIECs satisfying inequality 4.13 is illus-
trated in Fig. 5, where kc — c'j/CA( 0.2, in (c'/c) —9.21,
and (2c — cA)/c 495. Accordingly, inequality 4.13
reduces to

6.145 >> (—0.857 + V( [4.13a]

& = 4F2UvÔv [4. 16b]

Equations 4.14a and 4.14b can be rewritten, in terms of
the properties of an MIEC with uniform composition, as

.ce(x) — 1 + x [i
— Xe = FLUeJion

L) A (2&—cAC
BRTUv9Te I

]Ce

[4.17a]

which is approximately true for 0 s Vs EN = 1.07 V and,
as expected, the distributions of mobile defects are
approximately linear as shown in Fig. 5. Further, as CA —0,

I(c — c)/cA( — 00, Eq. 3.12a and 3.12b become exact and,
hence, the distribution of electrons is completely linear
while the distribution of electrical potential is perfectly
logarithmic as shown in Fig. 6.

When neither inequality 4.11 nor 4.13 is satisfied, nei-
ther electrical potential nor each type of mobile defect dis-
tributes linearly and, thus, the distributions can only be
adequately described using Eq. 3,lOa and 3.lOb.

Figures Sb and 6b clearly indicate that the electric field
(—V4)) is not necessarily constant in an MIEC in which
local charge neutrality is assumed. Analyses suggest that
the smaller the concentration of uniformly distributed
immobile charges (CA) in comparison to the variations in
concentrations of mobile charges (c? — c), the larger the
deviations from strict charge neutrality and, hence, the
greater the deviation in electrostatic potential from linear
distribution. Charge neutrality is almost strictly observed
only when CA is sufficiently large in comparison to c — Ce.

The Hebb- Wagner experiment .—Now, let us examine the
classical Hebb44-Wagner'9 experiment using Eq. 3.lOa and
3.lOb, which determine the distributions of defects and
electrical potential in an MIEC and, thus, allow us to esti-
mate the effect of these distributions on the observed con-

X = FLJIOC [4.17b]
3RT&

On the other hand, evaluating Eq. 3.lOb at 'e1e —, 0 and in
.view of Eq. 4.17, we find that the electrical potential dis-

tributes according to

- RTx) — 4. — in
F

RT 2c (x) —

CA]
[4.18)= — In

F [ 2c —
CA

As expected, the distribution of electrical potential under
these conditions is logarithmic since the distributions of
mobile defects are linear. Shown in Fig. 7 are some typical
profiles of oxygen vacancies and electrical potential inside
an MIEC at different ratios of J10J&• It can be seen that the
slopes of these plots depend critically on the ratio J10,,/& for
a given sample at a given temperature. The conductivity of
the MIEC due to the motion of V,, when the transport of
e' is completely suppressed, can then be estimated as19
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Fig. 7. Distributions of (a) oxygen vacancies and (b) electrical
potential in an MIEC under electronically blocked conditions (J,.
= 0) in a Hebb-Wagner experiment (L 1 cm and J,,,,/o, = 0.1,
0.2, 0.23 V cm at 600°C). The numbers by the curves correspond
to the ratio of Jjo, in V cm'.
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conductivity as a function of the applied current density
under electronically blocked conditions. The errors intro-
duced in the measurements increase with the applied cur-
rent density and approach infinity as the applied .J,,
approaches the diffusion-limited current density of the
MIEC. The diffusion-limited current densities can be quite
small for MIECs. For instance, for an IVIIEC with =
0.02 fl cm', the diffusion-limited current density is
about 4.5 mA/cm2, as can be seen from Fig. 8.

Distributions of defects and variations in properties of
multiple layers of MIECs can also be predicted and, hence,
the performance of devices or systems based on MIECs with
layered structures can be analyzed using these equations.

0.1

0.08

[4.19] '>
0

10:

Clearly, the conductivity calculated using this equation
may depend on the distribution of electrical potential
inside the MIEC. The distribution should be sufficiently
linear so that d43/dx can be adequately approximated by
(4311 — 43r)/ since it is the potential difference, — 4,, not
the potential gradient, d43/dx, that can be readily meas-
ured experimentally. As seen from Fig. 7, the logarithmic
distribution of electrical potential will be close to linear
only when the applied J,, is sufficiently small (or the ratio
of i,,/&,, is sufficiently small).

In addition, the actual ionic conductivity (as defined by
Eq. 2.16) is a function of position since c,, is nonuniform
when ele = 0. Thus, the conductivity determined using
Eq. 4.19 is, in fact, a conductivity averaged over the thick-
ness of the sample. In order to estimate the effect of defect
distribution on the observed conductivity, inserting
Eq. 4.17b into Eq. 2.18 and integrating the equation, we
find that the average ionic conductivity of the MIEC over
its thickness is given by

Conclusion

Applied Current Density (mA/cm2)

[4.20] Fig. 8. Effect of the applied J on (a) the observed average con-
ciuctivity, <a>, of and (b) the electrical potential drop across an
MIEC under electronically blocked conditions (J = 0) in a HeM,-
Wagner experiment at 600°C (L = 1 cm and o = 0.02, 0.04, 0.06,
0.08, and 0.1 fl cm). The numbers by the curves correspond to
the conductivity 8, in fl cm.
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General expressions for distributions of defects, electri-
cal potential, and other properties in an MIEC have been
derived from integration of transport equations with spec-
ified electrical (V) and chemical (p and p'2) conditions.
Equations 2.4 and 2.6 are the governing differential equa-
tions while Eq. B-i to B-6 are the analytical solutions for
MIECs with three types of significant mobile defects. For
MIECs with two types of significant mobile defects,

0.23 Eq. 3.ia and 3.lb are the governing differential equations
whereas Eq. 3.2a, 3.2b, C-i, and C-2 are the analytical
solutions under various conditions. These expressions are
very general and are applicable to a variety of MIECs with
vastly different properties. Once the properties of an MIEC

'. 1 in a uniform atmosphere are known, the derived expres-
0.2 0.4 0.6 1

sions can be used to predict the steady-state behavior of
the MIEC under the influence of various chemical and
electrical stimuli applied to the MIEC, including steady-
state distributions of defects, conductivities, transference
numbers, chemical potential of oxygen, and current car-

Normalized Distance (x/L)

0.1

0.08

0.06
0.06

—

(a)

0.04

0.02 ddtumon
limited
current

\ density/ \I
dillusion
limited
CulTent

/density

4 12 16 20

0

4

as —° 0 or —p- — 0
o-v

Thus, the average ionic conductivity determined under an
electronically blocked condition, <o>, is a function of .J,,.
Strictly speaking, <a0> approaches the true conductivity &,,,
only when .J,,, —° 0. Shown in Fig. 8 are the calculated ionic

8 t2 16 20 24
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= ET2,Vlnc,, — 2Vji,,

ned by each type of defect inside the MIEC. Further; the
expressions can also be used to predict the terminal volt-
age across an MIEC for a given T and EN or to determine
the expected oxygen partial pressures at the interfaces for
a given T and V.

Large variations in electric field may occur in a homo-
geneous MIEC in which charge neutrality is assumed. The
smaller the concentration of uniformly distributed immo-
bile charges (cA or cD) in comparison to the variations in
concentrations of mobile defects (c — ci,), the larger the
deviations from electroneutrality and the greater the devi-
ation in electrical potential from linear distribution. When
cA (or cD) is sufficiently large in comparison to c' — c
however, the electroneutrality can be strictly observed and
the electric field in the MIEC can be adequately approxi-
mated by a constant.

Conversely, the derived equations can be used to deter-
mine the transport properties of an MIEC from the observed
steady-state behavior of the MIEC under controlled electri-
cal and chemical conditions. Since conductivities and
transference numbers of an MIEC can vary considerably
along the direction in which an electrochemical potential
gradient exists, however; the properties determined from an
experiment under the influence of an electrochemical dri-
ving force are, in general, the average properties over the
thickness under the testing conditions. F'urther, partial con-
ductivity measurements under ionically or electronically
blocked conditions may introduce significant error when
the distribution of electrical potential is no longer linear
due to severe concentration polarizations.

The derived equations are applicable to a variety of
MIECs with very different characteristics. Applications of
these equations to characterization of MIECs and to pre-
diction of performance of devices or systems based on
homogeneous and multilayered MIECs will be discussed in
subsequent communications.
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APPENDIX A
Effect of Activity Coefficient on Formulation

Variable activity coefficient (g,, O).—Although the
assumption of constant activity coefficient (i.e., Yk
and g = 0) may be adequate for many MIECs, variable
activity coefficient as defined by Eq. 1.lc can be incorpo-
rated in the model for generality. For MIECs with sigrnfi-
cant extrinsic disorders, in particular, the concentrations
of the majority defects can be sufficiently large that their
activity coefficients may have to be treated as a variable.
To be specific, consider an extrinsic MIEC in which c, >>
c0 and ce>> ch. When g 0, Eq. 3.1 to 3.6 and coefficients
Bj', B, and P defined by Eq. 2.5 and 2.7 remain the same
while coefficients P and Q, may take different values. In
the presence of emission or capture of electrons by lattice
ions (i.e., N 0 and c1 0), c is related to ce as

cth if cc -- [A-li

When g g or g cc 1 and cc 1, coefficients, P, Q,Q;,
and Q defined in Eq. 2.5 and 2.7 should be replaced,
respectively, by

= UJ10 —
2uvJeie

[1 +
[A-2]

Q7 = 2u (1 + gj cA

= U(1 + g) + 2Ue(1 + g) 1 + j
I. Y2

= U(1 + g)Jj0+u(1 + g)J1 [1 + [2]
]

When the conditions of g g or g cc 1 and g1 cc 1 are
not satisfied, however, the solution to the problem depends
on the specific values of g and g2. For other types of
MIECs, expressions similar to Eq. A-2 can be readily
derived.

The use of a thermodynamic factor—Another approach
is to use the thermodynamic data determined from the
dependence of ck on Po, Eliminating from the expres-
sions for g,, and i, (Eq. 1), we have

ie = i(RTeVlnce — VR) = —Vjih [A-3aj

[A-3b]

where e and are thermodynamic factors defined, respec-
tively, as

= Yvcv(ece)2l = 2(1 + gj + (1 + gj I ln c
[A-4a]

3lnce 3lnce)

= vcv(tce)21 = (1 + g3 +2(1 + e)[J [A-4b]
alnc dlnc

When the MIEC is in equilibrium with 02 gas, i.e.,
Eq. l.4a or l.9c prevails, the thermodynamic factors can
be expressed as

Mdm11 — yc /v d idlnp0= _________________ — —( 2
, k = v,e [A—Sal

dlnck 2\dlnc2
which can be approximated by

2 k= v,e [A-5b1
2( dlnck )

when [Vfl cc 1. Thus, i can be estimated from the depen-
dence of c, on Po2 determined using thermogravimetric
analysis (TGA)42 while . may be determined from the
dependence of a on Po For MIECs containing aliovalent
dopants (cA + 0 or cD + b), the slope, a In ck/B lnPo,, in each
Po region in a Brouwer diagram is relatively constant and
is bounded as follows

0< —dlnc = dlnc, 1 [A6)
dlnp0, dlnp02 4

0 rice = dlnch [A-6bJ
dlnp02 dlnp0, 4

For an essentially pure MIEC (cA = 0 and c0 = 0), the slope
is bounded as

—dlnc dlnc 1 —d1nc0=: V.. ____— dln
p0, dlnp0, 6 dln p02

dlnc 1= B — for kf > n [A-6c]dlnp 4
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where— in Ce = dinCh 1 — inc—
din p02 din p02 6 din p02

Sk r(Yk(X) — += ——-inI
2 [(yk(x) + -

dlnc0 1= ______ — for n- > Ic1 [A-6d]
din p02 4 2

Sk [(uk(x) — ++ 6 in
It is important to note, however, that the thermodynam- 2 Lukx + —]' > 0

ic factors as defined in Eq. A-4a and A-4b may be treated
as a constant oniy under certain conditions. In fact, k may
vary dramaticaily with Po2 near the boundaries between . — s[1 — 1 1 — sL_.__ — __1, fk = 0two adjacent Po regions in which the siope (9in Ck/(9 in Po2 Lyk(x) J Lukx Uk]is constant; furter in a Po2 region where (9in ck/3inp0 —

0, may approach infinity and become iii behaved. This
— 5 ____________region where c, = c0 while — in the Po2 region where — —can be clearly seen in a Brouwer diagram, -+ in the Po2 Sk

[arc tan
k —

Ce
= Ch. This is true even for MIECs with constant activity J_fk + YYk(x) j

coefficients. Thus, either when c is independent of p02 or

regions with constant (9in c/(9 in Po2, cannot be treated + —fl—— arc tan
whenthep02 of interest is not entirely within one of the Po

Sk [uk(x) —

uiC3]
fk < oas a constant.

The thermodynamic factor, , may be treated as a weil- L
—f + U6Uk(X)

defined constant only when Po2 of interest is within a Po.
region in which (9in c/(9 in p02 is a nonzero constant. Under
this condition, Eq. 1.16a and i.16b can be written as Y5(X) = ck(x) + Yl = Y(0), y' = Yk(L)

J1, = F(UC + UhCh) Ve [A-7aJ
= 2F(UvCv + u0c0) [RTV V in c, — 2VLe] [A7b] k — (pk)2 — (±)4P'P "+" for P2 > 0, "—U for pk <0

In writing Eq. A-7b, it is assumed that [V] << 1 and
—

4(g)
FOfl << 1 so that V —V. Eliminating Vfe from Eq. A-
7a and A-7b and noting that uc >> u0c0, we arrive at Eq. S =
2.4 with k = e, in which the coefficients B and Pe remain
the same (as defined in Eq. 2.5) while the coefficients Q S =Q/(±P)must be redefined as foilows

S = (Q — PS2 — P"S)/(±2P)
=

[e[i + + +
[A-8]

y ) Yni )JYYhYe) S =
—

— — s0
+ S[f' + (P1)2

2(F)2 4(pk)2J= = 0

1 _±i__
Uk

= uk(0), u' = uk(L)=—+
= Ue[i + u5(x)

Ckx)
1,, )

= U(1 + fk = ()2 — (±)4PP
"+" for P >0, "—" for P <0k22 4(P)

Ypj ) .YeYh)

The solutions to Eq. 2.4 and Eq. B-i, B-3, and B-5, remain S = —Q/(±P)
the same provided that the coefficients Q are as defined
by Eq. A-8. For MIECs with two types of significant S = PS/(±2P)
mobile defects, the distribution of defects as described b

are properly defined. Sk = ______
Eq. 3.ia, 3.2a, and C-i also remain the same if Q and 2

S3k[f2k
+ (pk)2

6

4(pk)2)APPENDIX B
Solutions to Eq. 2.4 and 2.6 Similariy, integrating Eq. 2.6 under the same conditions,

The anaiyticai solutions to Eq. 2.4 and 2.6 depend on the we find that the eiectrical potential distributes inside the
values of the coefficients P and P, which are determined MIEC according to
by the ionic and electronic current densities passing
through the MIEC or by the electricai (V) and chemical 49(x) —

= s5 in[1] + s: ln
[y(x

—
f1k 1 +and pg conditions imposed on the MIEC. Cieariy, B — fh jP = 0 or P = 0 corresponds to a special case where the

ratio of Jeie/J10n must be constant whiie p 0 and p + [B-2]represents the general case where either ee or J10 may wheretake any vaiue except for P = 0 or P = 0.

The general case (i.e., P 0 and P O).—Integrating
in

r(Yk(X) — [)(y +Eq. 2.4 over the thickness of the MIEC under these condi- '(x)tions, we find that the distributions of electronic defects / L(y() + /) (y — /)Jinside the MIEC are determined by the following implicit
expression

x k k =0
S I Ly6(x)

—

yj'— = S0 In - ________
C5 j Ly2—f j

_______ tan [y(x) — yi1 jk <0
i ii ______ __________--+ s In[;] + (x) [B-li =

-f + yy(x) ]
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=

jJiI ch
2uVtcA—2c,)

= (Q' — P4'S)/(±2P)

= —P(S + S)/(±P4')
Further Eq. B-i and B-2 reduce, respectively, to Eq. 3.2a

and 3.2b for MIECs with two types of significant mobile
defects.

The special case f, P = 0.—When P' 0 and P" 0
(otherwise ele = = 0 and the case is trivial), P!' = o
implies that the ratio of Jele/Jion must be a constant while
'ele and J10 may flow in the same or opposite direction,
depending on the nature of the majority defects. Under
this condition, integration of Eq. 2.4 results in

4 = st', in['iJ + 2[ck(x) — c,I

c(x) ; 2F ck(x) (ck)

[B-3]

where
= —Q'P'/(P4') + Q'/P' — Q/P' + Q'P4'/(P)2

—

= Q'/P' — Q'P4'/(P')2 +

S2 = —Q'/P + QP4'/(P
whereas integration of Eq. 2.6 yields

4)(x) —4)' =r + 2i1inr" + Pl"ck(x)

L (p,k)ij L ' + P'c

[B-4]pk .c(x) cj (ph)2 L c j

Equations B-3 and B-4 also reduce, respectively, to
Eq. 3.2a and 3.2b for MIECs with two types of significant
mobile defects.

The special case ff, P = 0.—When P' 0 and P 0
(otherwise ele = J13,, = 0), P4' = 0 implies that the ratio of
'1eie[T,on must be a constant while ele or reverses the
direction in comparison to the case where P. = 0, depend-
ing on the nature of the majority defects. Under this con-
dition, integration of Eq. 2.4 gives

* = S in[1] + s4[ch(x) -41

+ S4'iln[241] + S[c(x) — (ctj2] —

L[..J_ — 41
[B-SI

where
= Q4'/P4' + QP4'/(P4')2 + Q4'(P4')2/(P4'f —

+ Q4'P4'/(P,)2

= Q/P4' — 2P4'Q4'/(P4')2 + 2PPIk
= Q4'/P4' — QP4'/(P)2

while integration of Eq. 2.6 yields

— 4)' — — pkQkl [ + P'ck(x)
B4' L: (ph)2j[ kiT

+ .9y; [c(x) — ci + in [t1 [B-61

Further, Eq. B-S and B-6 reduce, respectively, to Eq. c-i
and C-2 for MIEcs with two types of significant mobile
defects.

APPENDIX c
Solulions to Eq. ala and 3. lb when P4' = 0

When P4' 0 and cA 0 (otherwise ele = J0,, = 0), p2k = 0
implies that the ratio of Jele/Jjol) must be a constant while
"ele and Jr,,,. may flow in the same or opposite direction,
depending on the nature of the majority defects. Under
this condition, integration of Eq. 3.la and 3.ib over the
thickness of the MIEC yields

Q4'[c(x) — 41 + 2-[4(X) (cj2I = cI.;]x [c-il

44x) — 4/ = (._] [c(x) — 41 [c-2]

It is noted that Eq. c-i and C-2 can also be obtained
ignoring the terms containing coefficients P4', Q4', Q4', Q4,
and Q4' in Eq. B-S and B-6. This is because these coeffi-
cients become negligible in MIEcs with two types of sig-
nificant mobile defects. Summarized below are the
expressions for ionic and electronic current densities and
for distribution of defects and electrical potential in each
class of MIEcs with two types of significant defects under
the condition of ph =

MIIECs with V and e '.—Charge neutrality in these
MIECs is described by Eq. 3.7 and the coefficient B4', P4',
and Q4' are defined by Eq. 2.5 and 2.7. In this case, P = 0
implies that

iv=&[2cviA]Je [c-31

where .1,,, as determined from evaluating Eq. C-i for k = e
at x = L, is given by

= FR TUe (c — 4) + .__124 — cA ' [(c)2 — (4)2]L 4cAc c )
[c-41

The distributions of electrons and electrical potential are
given, respectively, by

3 (2c' — cArc (x) — (cI)21 ( e
[Ce(X) — cj +

— c j
=

tFRTuj
[C-SI

RTc (x) —
44x) — 4/ = "

j [C-61
cA

MfECs with v:' and h

[c-71

= —2FRTu {(c - 4) + 1[(cUf —
(4)2]}

c-a

Fc2(x) — (c1)21 ( —J[cjx)—cI+ " " "
[c—91

L cA 2FRTu

1RT c(x)—c'1
4)(x) — 4)1

= V

jF c4
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MIECs with O,"and h.—

= 2u,(2c_+_CA'J
k Cj, )

= FRTu
{—

(ci,'
— c) + 3 +_CA')h L ,[(c') — (c)2]}

[ch (x) - + -3 (2c + CA ')[c(x) - (c)Z U ( h U
4 1 c )[ CA J FR Tuh J

4'(x) — ' = 3(RT')[c0(x)_—F)L CA
MIECs with 0," and e

C ')
2uOcD—2c)

tele electronic transference number, dimensionless
t0 ionic transference number, dimensionless
T absolute temperature, K
U, absolute mobility of defect k, mol cm2 J1
V voltage across an MIEC as defined by Eq. 1.6 and

1.7, V
V0, open-cell voltage as defined by Eq. 4.4, V
x distance from the surface of the MIEC exposed to a

gas containing pL, cm
Zk number of effective charge (with respect to perfect

[C-12] crystals) of defect k, dimensionless

[C-13]

= -RTu0 J(c — c) + [(c)2 - (c)2]l [C-16]L CD

[c(x) — ci+[) — (c)h1
'

Jo '
=1 Ix [C-17]

CD j lFRTu0)

(RT[c0(x)_—
c]C0

LIST OF SYMBOLS
B coefficients (k = e, h, v, o; a = 1, 2) defined by Eq.

2.5, 2.7, 2.13, 3.19, and 3.24
CA net molar concentration of ionized acceptors as

defined by Eq. 2.2b, mol cm3
C0 net molar concentration of ionized donors as

defined by Eq. 2.9b, mol cm3
c,, molar concentration of defect k (Ck = [k]d/M),mol cm3
<Ck> average concentration of defect k over the thick-

ness, mol . cm3
Ck uniform concentration of defect k when VCk = 0,

mol cm
d density of lattice compound, g cm3
Dk diffusivity of defect k (Dk =RThk), cm2 s
EF Fermi energy of electrons (EF = lIe), J
EN Nernst potential across an MIEC as defined by

Eq. 1.5, VF Faraday's constant, 96,487 C eq'g exponent as defined by Eq. 1.lc, g = In yk/3 In C,
Gk generation rate of defect k inside an MIEC,

mol cm3 s'
kR, k0 equilibrium constant for partial reduction and oxi-

dation of lattice ions
k, intrinsic concentration of ionic defects for Frenkel

disorder, mol cm3
[k] site fraction of defect k, dimensionless
k current density carried by defect k, A cm2
T total (or observable) current density, A cm2
ele electronic current density, A cm2
.L ionic current density, A cm2
Lk, general transport coefficients, mol2 cm J' s1
M molecular weight of lattice compound, g mo11
a, intrinsic concentration of electrons or holes at a

given temperature, mol cm3
Nk molar flux of defect k, mol cm2 s
p0 partial pressure of oxygen, atm
P,,, Q coefficients (k = e, ii, v, 0; n = 0, 1 ) defined by

Eq. 2.5, 2.7, 2.13, 3.19, and 3.24
R universal gas constant, 8.3 14 J mol1 K1
tk transference number of defect k, dimensionless
<tk> average transference number of defect k over

thickness, dimensionless

Greek
coefficient defined by Eq. 3.3a
activity coefficient of defect k, dimensionless
permittivity of an MIEC, F cm
current and energy efficiency, dimensionless
chemical potential of defect k (ii.,, = + RT ln
YkCk), J moY'
electrochemical potential of defect k (lIk = + RT
in YkCk + ZkF4)), J moF'
partial conductivity çcrk = ZF2UkCk) due to the
motion of defect k, IY cm
average conductivity over thickness due to the
motion of defect k, Cl cm
conductivity of MIEC with uniform composition
(i.e., when Vck = 0), (I cm
average electrical potential in a plane at distance
x,V
coefficient defined, respectively, by Eq. 4.17a and
Eq. 4.17b
thermodynamic factor defined by Eq. A-4

Subscripts or superscripts
an acceptor impurity (immobile but distributed
uniformly)
an acceptor impurity to create an electron hole
an acceptor impurity to create an oxygen vacancy
a donor impurity (immobile but distributed uni-
formly)
a donor impurity to create an electron
a donor impurity to create an oxygen interstitial
a defect in an MIEC
an ionized dopant which is immobile and distrib-
uted uniformly
an electron, e'
an electron hole, h
an oxygen interstitial, 0,"
an oxygen vacancy, V,
an immobile ion with an effective positive charge
(such as M1 and D)
an immobile ion with an effective negative charge
(such as M and D)
electronic
ionic
properties of MIEC when exposed to an atmos-
phere containing p'0 at x = 0
properties of MIEd when exposed to an atmos-
phere containing p2 at x = L

gadolinia-doped barium cerate (BaCe1GdO3)
calcia-stabilized ceria (Ce1_,Ca,,O2)
strontium-doped lanthanum cobaltide (La1,,SrCoO3)
strontium-doped lanthanum ferrite (La,SrFeO3)
strontium-doped lanthanum manganide
(La1_SrMnO3)
mixed ionic-electronic conductor
solid oxide fuel cell
yttria-stabilized zirconia (Zr1Y0O2)
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