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Abstract
The rate of many chemical and energy transformation processes depends on the kinetics of charge
and mass transfer in porous electrodes, but rational design of efficient nanostructured electrodes is
hindered by an inability to quantify effects of micro/nano-structures of real devices. Here we
report a framework for detailed simulations conformal to 3D micro/nano-scale reconstructions of
porous structures, obtained from phase-sensitive x-ray nanotomography, using COMSOL and
iso2mesh packages coordinated with custom code for automated feature recognition, meshing,
refinement, equation assignment, and solution. This computational framework is illustrated in
visualizing 3D surface activity of an operating solid oxide fuel cell (SOFC) electrode under low and
high bias along two important transport pathways (bulk and surface), showing the effect of local
nanostructured morphology on global electrochemical response and demonstrating cathodic
activation of bulk La1�xSrxMnO37d (LSM). The methodology is flexible with possibilities for
superimposition of mechanical, thermal, and other processes and for incorporation of inputs from
multi-scale calculations. It has potential to serve as a platform for rational design of complex
nanostructured hetero-foam devices with desired functionalities.
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Introduction

One of the grand challenges facing us today is to efficiently
and cost-effectively generate, store, and use clean energy
derived from renewable natural resources that do not harm
the environment (e.g., solar, wind, biomass, and geother-
mal energy). Because of the intermittent nature of these
alternative energies, however, their broad commercializa-
tion hinges on the development of more efficient electro-
chemical energy storage and conversion systems such as
batteries, fuel cells, and supercapacitors. In particular, solid
oxide fuel cells (SOFC) have potential for most efficient
conversion to electricity of a wide variety of fuels, from
hydrogen to hydrocarbons (CO2-derived fuels), biomass, and
other renewable solid wastes [1–6]. To significantly enhance
their performance while reducing the cost, it is imperative
to achieve rational design of novel materials and porous
structures with dramatically higher levels of functionalities
and performance.

The performance of porous electrodes in electrochemical
devices is determined critically by the porous 3D micro-
structure. Many strategies have been employed to optimize
microstructures including formation of composite electro-
des [7,8], functional grading [9–11], and infiltration of
active phases onto scaffolds [12]. Optimization is difficult
because many features compete with one another.

Modeling on an electrode level [13–15] is useful for under-
standing performance. Porous electrode theory [16,17] uses
homogenized parameters for volume-averaged description and
is excellent under many circumstances. It becomes inadequate
when process length scale is competitive with geometric
feature size [18]; unfortunately, local variations of important
electrochemical quantities within particles and pores can be
large [18,19] (especially in nanostructured systems), with
important implications upon the global response.

Simulations using a digital representation of the micro-
structure are becoming relevant and important [20]. 3D
reconstruction by focused ion beam/scanning electron
microscopy (FIB/SEM) [21–23] and x-ray nanotomography
[19] is used to generate accurate digital microstructural
reconstructions. Recently, researchers began to use 3D
reconstructed morphology as the domain for electrochemi-
cal simulations using the Lattice-Boltzmann method [19,23]
or the finite element method [24,25]. Explicit simulation
can implicitly capture the effect of anisotropy—the most
desirable microstructures, in fact, should be functionally
graduated and highly anisotropic. Important local details
such as electrochemical hot spots (e.g., triple phase
boundaries, TPBs) or points affected by current constriction
[19] are captured by explicit models. Advantages of mor-
phologically explicit simulations include local-global cou-
pling, geometric realism, recognition of obscured
contributions, realistic numerical thought experiments,
and framework for rational design/optimization.

Here we report a flexible approach for a variety of
multiphysics simulations conformal to 3D micro/nano-scale
microstructures reconstructed by synchrotron-based x-ray
nanotomography, with specific application to detailed trans-
port and electrochemical reaction along several pathways.
We use COMSOL Multiphysics, MATLAB, and the open-source
meshing software iso2mesh (http://iso2mesh.sourceforge.
net) [26]. In the past, commercial meshing software [27–30]

with or without COMSOL has been used for effective
property calculations [21,27] and electrochemistry [30] of
real microstructure. COMSOL has also been used with
approximated microstructure made from geometric primi
tives [24] and with iso2mesh for simulations on simplified
biological structures [31]. Compared to entirely home-built,
specifically targeted codes [19,25], the use of commercial
and open-source packages allows for multiphysics flexibil-
ity/adaptability, integration of surface and bulk processes,
ease of development, scale-up to cluster computing, and
reduced debugging therefore providing greater applicability
to the scientific and engineering community. We leverage
open-source software where possible to minimize barriers
to adoption. We treat multi-phase, heterogeneous electro-
chemistry on the real microstructures which requires clear
definition of interfaces from the original nanotomography
data and assignment of detailed reaction rates to them.
Moreover, we report refinement of the finite element mesh
in the vicinity of active heterogeneous interfaces to max-
imize accuracy while conserving computational power. We
also report full automation for all steps including geometric
feature and electrochemical constitutive equation/bound-
ary condition assignment, meshing, refinement, solution,
and post processing of the present multi-phase heteroge-
neous functional structures. Further, unlike FIB/SEM, x-ray
nanotomography offers a non-destructive and distortion-
free reconstruction [19,21–23] with excellent and varied
phase sensitivity (even in the SOFC cathode). While the
computational and experimental methods are developed
and validated using a porous SOFC cathode as an example,
they are general in nature and can be applied to other
porous structures for chemical and energy conversion,
especially for those of highly anisotropic, functionally
graded architectures with nano-scale features to dramati-
cally enhance the kinetics for charge and mass transfer.

Materials and methods

Porous electrode fabrication and electrochemical
testing

Porous electrodes were fabricated to provide realistic
geometry for simulations. Electrodes were composed of
single-phase commercial La0.85Sr0.15MnO37d (LSM 85-15)
powders spray coated upon a dense YSZ electrolyte (fabri-
cated from pressed and sintered Daiichi powder) mechani-
cally polished to a 0.05 mm finish. The slurry was composed
of 1 g LSM powder, 30 g ethanol, and 0.5 g of 10% poly-
ethylene glycol and was sprayed onto samples masked to
expose a circular area using an airbrush and nitrogen gas
with pressure 10 psi. Samples for 3D reconstruction were
fabricated using an adhesive-backed mask. Samples for
electrochemical testing were fabricated using a non-
adhesive backed mask. The samples were sintered
at 1150 1C for 2 h and had thickness of approximately
7–10 mm after heat treatment.

Electrochemical impedance spectroscopy was performed
on symmetric samples fabricated in the same manner as
those used for 3D reconstruction at high temperature in
ambient air using pressure-contacted platinum mesh cur-
rent collectors. Impedance spectra normalized to area per
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electrode and without the Ohmic portion at 600, 700, and
800 1C are shown in the supplementary information in figure
S-1a–c. The Arrhenius plot of polarization resistance is
shown in figure S-1d. The shapes of the impedance loops
changed somewhat with temperature, but the behavior of
the polarization resistance is linear in the Arrhenius plot,
suggesting that the mechanism of the electrode processes
remained the same in the temperature range studied with
a constant activation energy.

Reconstruction of 3D microstructure by x-ray
nanotomography

Phase-sensitive x-ray computed nanotomography was per-
formed at the Stanford Synchrotron Radiation Lightsource
(Stanford, CA) and the National Synchrotron Light Source
(Brookhaven, NY), with details of the procedure reported
elsewhere [32]. Porous microstructure reconstruction using
x-ray nanotomography [19,33] begins by milling a bulk
sample (prepared as described in section S-1 of the supple-
mentary information) using FIB/SEM to create a cylindrical
sample approximately 10 mm in diameter (Figure 1a). The
interface between the porous La1�xSrxMnO37d (LSM) cath-
ode and dense yttria-stabilized zirconia (YSZ) electrolyte
can be clearly seen. This cylindrical sample is then
extracted and mounted on a pin using a platinum weld
before examination using transmission x-ray microscopy
(Figure 1b) to acquire cross-sectional images (Figure 1c)
while the sample is rotated from �901 to +901 at 0.51
increments with an exposure time of 1 s. The spatial
resolution obtained is 30 nm, as dictated by the zone plate
lens, and mosaic image acquisition is used to operate with a

field of view of approximately 40 mm. The synchrotron-
based x-ray source is monochromatic and tunable, meaning
that the sample could be imaged below (6523 eV) and above
(6554 eV) the Mn k-absorption edge. After tomographic
reconstruction, cross-sectional slices of the sample can be
used to demonstrate the distinction of the LSM and YSZ
phases [32]. Images of the same region taken below and
above the Mn k-edge (Figure 1d) demonstrate the increased
contrast that is obtainable (as noted by the red arrows)
between LSM and YSZ when operating above the edge.
Utilizing this contrast, the phases can be segmented using a
watershed algorithm, yielding a digital 3D volume with
discrete labels of LSM, YSZ, and pore phases (Figure 1e).

Theory/calculation

Simulations conformal to 3D reconstructions

The proposed framework is visualized by the flow diagram in
Figure 2. A reconstructive, tetrahedral mesh used to
represent the microstructure, in general, gives acceptable
results with fewer degrees of freedom than a voxel-by-voxel
finite element method [34] or finite difference/volume
method with voxel resolution. In this work, the pores of
the electrode are not meshed, but it is possible to include
them as the technique is not limited to two phases.
Exclusion of pores makes the calculations simpler to per-
form in some cases, especially if transport within the porous
phase is facile or otherwise not of interest in a simulation.
The meshing procedure was calibrated using simple geo-
metric test shapes in order to balance fidelity to the

Figure 1 3D reconstruction of a cathode microstructure using x-ray nanotomography. (a) A cylindrical sample prepared using
focused ion beam-scanning electron microscopy (FIB-SEM). (b) A monochromatic x-ray source for transmission images of the sample.
(c) Tomographic images obtained at regular angular increments with a spatial resolution of 30 nm. (d) Reconstructed cross-sectional
images obtained below and above the Mn k-edge to distinguish LSM and YSZ phases. (e) Reconstructed microstructure of the porous
cathode after digital segmentation of the phases using a watershed algorithm.
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microstructure (fine mesh) with the need to keep degrees of
freedom low (coarse mesh).

The mesh is generated here directly from combined
LSM/YSZ volumetric data using the iso2mesh package
(Figure 3a). The two phases are distinguished from one
another after meshing by comparing element centroid
coordinates to the original volumetric data. Similarly, three
or more phases could be included and identified if desired.
The division leaves some artificial roughness along the
buried two-phase boundaries and triple phase boundary
lines due to the tetrahedral shape of the elements. Several
methods of interfacial correction are applied in order to
smooth away the roughness and represent the interfaces as
accurately as possible (paper in preparation). Future work
will continue to improve division and interfacial correction.

The tetrahedral mesh is directly imported into COMSOL
using the MATLAB interface and the commands setVertex,
setElem, ElemEntity, and createMesh. Mesh import bypasses
computer-aided design (CAD)-type geometry creation.

A mesh size that is adequate for describing the porous
structure is sometimes too coarse to minimize error when the
solution changes quickly. A custom-coded modified-longest-
edge method [35,36] for interfacial refinement is implemen-
ted at the TPB (Figure 3a and b) prior to mesh import. Eight

successive refinements are applied, which results in progres-
sively finer mesh and reduced error in the vicinity of the TPB.

Custom MATLAB code coordinates all steps (including calls
to iso2mesh and COMSOL), which ensures rapid execution
and inclusion of all important features. Geometric feature
types (faces, edges, vertices, etc.) are counted, organized,
and multiphysics equations are applied to them via custom
code based primarily on adjacency and/or coordinates, as
illustrated schematically in Figure 3c and d. The order of
assignment is subdomains, vertices, boundaries, edges, with
the latter features requiring knowledge of the previous
features’ assignment. Subdomains are recognized by the
original volumetric voxel-based data. Vertices are recog-
nized based on subdomain adjacency (e.g., TPB, LSM-air),
location (e.g., LSM-side), or a combination of both. Bound-
aries are then recognized based upon adjacent subdomain
and vertex types. Supplementary sections S-2 and S-3
provide exhaustive detail on all aspects of implementation
and refinement described in this section.

Using this computational tool, we supply two case studies:
simulation of bulk and surface pathways inside an LSM/mixed-
conducting cathode. We consider them separately in order to
study the individual effect of the two mechanisms, but with
some modification the two may easily be simulated together.

Figure 2 Process flow for microstructure reconstruction, meshing, processing, and solution proposed in this work.
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Case study: Bulk pathway in SOFC cathode

Reduction and transport of oxygen via incorporation from the
gas phase and internal, solid-state transport in a mixed ionic-
electronic conducting (MIEC) cathode is together termed
‘‘bulk pathway.’’ We solved the steady state continuity
equation (Eq. (1)) for transport of oxygen vacancies within
the bulk, with flux, J

-

v, given by Eq. (2) [40–42]

0¼�r � J
-

v

� �
ð1Þ

J
-

v ¼�s0vr ~mv ð2Þ

where ~mv is oxygen vacancy electrochemical potential, sv
0 is

the transport coefficient

s0v ¼ bvc0v ð3Þ

under the assumption of a small electrical perturbation from
equilibrium, where bv is the vacancy mobility and cv

0 is the
equilibrium oxygen vacancy concentration. Because the gra-
dient in ~mv is zero at equilibrium,

J
-

v ¼�s0vr D ~mv

� �
ð4Þ

where D ~mv is the change from equilibrium. The quantity D ~mv
was the dependent variable of the simulation. Since the
electronic transport was assumed to be facile within the
electrode microstructure [16]; the electron electrochemical

potential ( ~me) was relatively constant, determined by the
applied electrical bias. The A-site cation defects were
assumed to be immobile in LSM as well. An important
assumption is that continuum-type diffusion equations are
valid at this scale.

Simple kinetics for the overall oxygen reduction (written
in Kröger–Vink notation, with VUU

O indicating an oxygen
vacancy and Ox

O indicating a filled oxygen site)

1
2
O2ðgÞþVUU

O þ2e
0 ¼ Ox

O ð5Þ

were based on linear irreversible thermodynamics [16,37–39],
with the reaction rate, rrdn, in proportion to the affinity of
reaction, Ardn, which is in proportion to change in chemical
potentials of reactants

rrdn ¼ L
Ardn

T
ð6Þ

Ardn ¼
1
2
DmO2ðgÞþDmvþ2Dme ð7Þ

where T is the temperature and L is a constant, which may be
linked to the well-known tracer surface exchange coefficient,
kn (see supplementary section S-4.2). Surface reaction rate
parameters were obtained from oxygen isotope exchange
measurements [38,39,43]. In particular, the tracer surface
exchange coefficient kn and diffusivity Dn are used in an
established way of handling linearized kinetics [16,24]. There

Figure 3 Meshing and automated feature assignment for conformal simulation. (a) Meshed porous electrode and electrolyte for
FEM with mesh refinement along the TPB. (b) Visualization of meshed TPB with refinement. Schematic depiction of automated
feature assignment: (c) vertices and (d) boundaries.
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is an empirical correlation among these tracer quantities
[38,44] for several MIEC material families:

Dn

2 ¼ Dn

1

kn2
kn1

� �2

ð8Þ

Supplementary section S-4 provides exhaustive detail on
the formulation and implementation of transport and reac-
tion rate equations and parameters used.

Simulations were performed for a set of points along the
empirical correlation line (Figure 4 points 1–7), approximat-
ing materials with different degrees of mixed conductivity.
Point 1 represents approximate parameters for LSM at 700 1C
(poor ionic conduction) [39,43], with successive changes until
point 7 (excellent ionic conduction). The area-specific resis-
tance (ASR) for LSM (point 1) is very large, but ASR drops
quickly as mixed conduction properties improve. Better
mixed-conducting materials are typically sought for SOFC
cathodes—Figure 4 validates this search.

The associated change in oxygen vacancy electrochemical
potential is visualized in the insets in Figure 4. The region
active to oxygen reduction is the surface exposed to air
having a value between 0 and �193 J/mol, with greater
values being more active. The active region for point 1 is
very small (on the order of tens of nanometers) but gets
progressively larger as the mixed conduction properties
improve because diffusivity increases faster than surface
exchange. The active area is essentially the entire porous
surface at point 7. This visualization supports the long-held
conclusion that better mixed conductors extend the active
zone away from the TPBs. It also illustrates the need for
conformal simulations for relatively poor ionic conductors
with short active length which are not adequately described
by 1D homogenization.

The model is validated by its predictions for La0.6Sr0.4
Co0.2Fe0.8O3�d (LSCF 6428). At 700 1C, its kn is approximately
800 to 900 times larger than that of LSM 82 [39,43,45] and
therefore 1000� kn enhancement (point 4) is relevant. The
actual value of its Dn is approximately 15� larger than what
the simple empirical quadratic law suggests and therefore
the actual utilization length should be longer than that
shown for point 4. Nevertheless, the present results agree

roughly (active distance of single-digit or teen microns) with
conformal [24] and homogenized [16] simulations on LSCF.
Moreover, the ASR of approximately 1 O cm2 for point 4 is
reasonable for a porous LSCF electrode operating near 700 1C
[46] but is likely overestimated due to the recognized under-
estimated active length.

The effect of large bias on LSM cathodes is an important
phenomenon in SOFC operation and is demonstrated by
adapting the bulk model to use more detailed phenomen-
ological reaction rates [47,48] and nonlinear transport
equations [40], which both reflect large nonlinear changes
in point defect chemistry resulting from strong electrical
driving force. More detailed expressions are generally
available for the SOFC anode [23], but owing to uncertainty
in the exact reaction rate equations, the isothermal rates
are approximated by a reasonable estimation in order to
demonstrate the effect of large bias. The rate of oxygen
incorporation was given by

rinc ¼ k0inc
cv
c0v
�1

� �
ð9Þ

where cv is the concentration of oxygen vacancies, cv
0 is that

quantity under equilibrium conditions, and kinc
0 is a rate

constant. The estimation of cv is required to compute oxygen
incorporation rate using Eq. (9) and to calculate the (now)
nonlinear transport coefficient, sv, using the following equation,

sv ¼ s0v
cv
c0v

ð10Þ

The development of these equations is described in detail
in supplementary section S-5, including the estimation of cv
from bulk point defect chemistry and the dependent vari-
able, D ~mv.

Global electrochemical performance is described by the
Tafel-like current–voltage (I–V) curve in Figure 5. The
resulting change in oxygen vacancy concentration is
visualized at several points as a function of cathodic
overpotential, in terms of log10(cv/cv

0) where cv is the
concentration of oxygen vacancies under the bias and cv

0 is
the equilibrium (OCV) concentration of oxygen vacancies
[49,50]. As the overpotential becomes more negative

Figure 4 Visualizing surface activity of a porous mixed conducting electrode -conformal simulations of the effect of mixed
conducting bulk pathway on surface activity. Trend of area-specific resistance simulated as a function of mixed-conducting
parameters: modifying k� with proportional change in D�. Insets: steady state change in oxygen vacancy electrochemical potential
with small cathodic bias solved by FEM conformal to the microstructure. Temperature is 700 1C for all.
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(cathodic), the concentration of oxygen vacancies increases
substantially; at a �400 mV bias, cv is enhanced by a factor
of approximately 104 near the TPB. The effect is a much
longer active length and a much more active surface. LSM
therefore becomes a much better mixed conductor under
large cathode bias.

The activation of LSM’s bulk pathway has been long
suspected from experiments [51,52], manifesting itself in
the dramatic performance enhancement under cathodic
polarization for dense electrodes [53–55] and contributing
to activation in porous LSM (and related-composition)
electrodes prior to onset of limiting currents due to other
polarization mechanisms [53–56]. Direct observation of the
point defects responsible for this phenomenon has been
elusive, however, because they are essentially invisible,
especially under the operating conditions because transmis-
sion electron microscopy is difficult. To the authors’ knowl-
edge, this is the first time that the bulk activation of LSM
has been visualized using the real morphology of a porous
electrode.

In general, it is good practice to use a representative
volume element (RVE) of microstructure [25]. We reserve
that analysis for future work but emphasize that the
framework presented here is scalable to larger volumes
and capable of being readily adapted for cluster computing.
Moreover, the multiphysics simulation capability is ideal
for exploring the impact of local nano- and micro-scale
morphology on electrode performance, which does not
require an RVE. This concept is explored in more detail in
the following section.

Case study: Surface pathway in SOFC cathode

A simple surface model with small perturbation from OCV
and linearized kinetics is used in Figure 6 to demonstrate a
process involving oxygen adsorption/dissociation, transport
along the surface, and reduction at the TPBs. The

adsorption reaction was taken simply as

1
2
O2ðgÞþs¼OðsÞ ð11Þ

where s is a surface site. Reduction at the TPB was taken as

OðsÞþVUU

O,elyteþ2e
0
miec ¼Ox

O,elyteþs ð12Þ

where the subscript elyte and miec indicate a species in
solid electrolyte and mixed conductor, respectively. Details
of the reaction mechanism, derivation of equations, imple-
mentation, and parameters are provided in supplementary
section S-6. The meshed porous structure used for the
simulation appears in Figure 3a.

The COMSOL ‘‘weak form, boundary’’ interface is pro-
posed for the surface (see section S-6.1) and implemented
via MATLAB command. This feature of the commercial
software provides the flexibility to solve shell diffusion
problems [57] with a triangular surface mesh (with or
without corresponding tetrahedral elements in the bulk)
with little additional modification of the code compared to
what would be required for manual code implementation.
The problem was treated as a reaction-diffusion problem on
the surface, with electrochemical potential of adsorbed
oxygen as dependent variable of the FEM problem and the
adsorption rate as a source term. Simple, linear reaction
rate kinetics was used for adsorption and at the TPB.
Oxygen adsorption was assumed to proceed as dissociative
physisorption with no charge transfer for simplicity. Elec-
trochemical impedance simulations were performed by
casting the transport/reaction rate equations into fre-
quency space and taking only the first-order perturbation
terms [58] (see section S-6).

Experimental area-normalized electrochemical impedance
(without the Ohmic portion) is shown in Figure 6a (see
supplementary section S-1). Model parameters were esti-
mated from the literature and tailored (see section S-6.4)
to achieve a reasonable fit with the experimental impedance,
also shown, but careful parameter optimization is still

Figure 5 Visualizing the activation of LSM bulk pathway with cathodic overpotential. Current versus cathodic overpotential with
insets of log10 of oxygen vacancy concentration distribution conformal to the microstructure at select overpotentials. Temperature
is 700 1C for all.
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required. The lower frequency portion of the model curve is
Gerischer-like, corresponding to the process of adsorption,
dissociation, and surface transport. A similar equivalent
circuit was suspected to describe LSM with YSZ [59] and is
consistent with the importance of surface adsorption/disso-
ciation/transport in platinum-YSZ [60]. The ASR of the
experimental data was large compared to other reports [59]
and was suspected to be caused by the LSM powder used in
the electrodes. A more rigorous quantitative determination of
parameters from experimental data with different powder is
reserved for future work.

The parameters for the surface pathway were reasonable
and brought an appropriate agreement in the shape of the
impedance loop, the characteristic frequency, and the ASR
compared to the experimental data—three key character-
istics. Other authors [61] have concluded that a bulk process
explains the electrochemical behavior of an LSM cathode
and this issue has been the object of some disagreement in
the literature. Based on these microstructure-explicit simu-
lations, the present results suggest that the surface/TPB
pathway is a more realistic explanation for the electro-
chemical behavior of LSM at OCV than the bulk pathway
because of the very large area-specific resistance associated
with the bulk (Figure 4 and section S-6.4).

The change in surface adsorbed oxygen electrochemical
potential is shown in Figure 6b and c. There is significant
variation across the actual microstructure, indicating the
importance of accounting for the local morphological
details. With the set of tailored parameters for LSM, the
depletion length of the adsorbed oxygen (region with
appreciable change in electrochemical potential) was
approximately 0.25–1.0 mm. It could extend further with a
larger electrical driving force.

The ability to account for and model the effect of
realistic local morphological details on the nanoscale can
be complementary to rapidly evolving new capabilities in
fabricating porous electrodes and other energy devices
composed of hierarchical porosity and particles of varying
and interesting morphologies such as nanowires, nanorods,
and hollow spheres [62–64]. To demonstrate the role of
near-TPB micro/nano-structure and the power of the type
of numerical thought experiment enabled by this conformal
technique, a simple geometric model was assembled con-
sisting of a flat, dense electrolyte and a simple, artificial
LSM solid making a circular contact with diameter 100 nm
(Figure 6d–f). The exact shape of the LSM is varied, but the
100-nm diameter contact is maintained. The mesh near the
TPB line is refined eight times.

Figure 6 LSM surface pathway and near-TPB nanostructure. (a) Experimental area-normalized electrochemical impedance and
simulated area-normalized impedance with tailored parameters and interfacial constant phase element (note: slightly different
batches for reconstructed and electrochemically tested electrodes, see Materials and methods); (b) Wide and (c) close view of the
change in adsorbed oxygen chemical potential on the surface of the microstructure under a small AC cathodic bias (�0.01 mV).
(d)–(f) Simulated impedance and change in adsorbed oxygen chemical potential for 100-nm diameter TPB contact cross-beam,
cylinder, and notch constricted particles, respectively. (g) Simulated resistance versus crossbeam elevation. (h) Simulated resistance
versus notch constriction severity expressed as fraction of original cylinder diameter. Temperature is 700 1C for all.
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As a baseline, a cylindrical morphology [18] with the
tailored LSM surface parameter set yields impedance and
electrochemical potential distribution in Figure 6e. The
impedance spectrum had a similar general shape as that
of the porous electrode (Figure 6a) with similar depletion
distance. The cylindrical shape made it the 3D analogue of
the standard 1D-type models [65–67] and equivalent circuit
models [68].

When a cross-beam is placed near but not contacting the
TPB within the depletion region (Figure 6d), the impedance
is decreased by the addition of active surface area serving
as a ‘‘funnel’’ of adsorbed oxygen to the TPB. However,
when the cylindrical surface is replaced by one where the
radius is constricted by a notch to simulate a narrow neck
between particles (Figure 6f), the ASR increases because
the neck inhibits surface transport. This effect is the
opposite of funneling—adsorbed oxygen must expand out-
ward from the neck to get to the TPB. The increase in
impedance happens in spite of an increase in surface area,
which would seemingly aid surface flux per a 1D model [66].
The effect of the crossbeam elevation and notch constric-
tion are shown in Figure 6g and h, respectively. Both have a
significant effect on the resistance, either decreasing or
increasing, up to 30% or more. These results are consistent
with those reported using lower-dimension finite element
calculations for cylinders and necked spheres [18,69].

Recently, a 3D reconstruction study of a porous LSM
cathode showed mixed dependence of equivalent circuit
elements upon TPB length and surface area [68]. Based on
the new conformal technique, we believe that the role of
the near-TPB morphology may be responsible for part of
that dependence.

These results indicate several critical concepts applicable
to sintered composite electrode as well as state-of-art
active catalyst-infiltrated porous electrolyte scaffolds:

(1) Nanostructured networks of particles in the near-TPB
region could be beneficial for electrochemical activity if
they provide increased surface area or pathways to aid
transport to the reaction sites, but could be harmful if
they make transport more difficult.

(2) Standard 1D models cannot fully account for the local-
global coupling of detailed microstructure within hun-
dreds of nanometers of the TPB when surface transport
is an important limiting component.

(3) TPB density is the key metric, but engineering of the
near-TPB nanostructure could provide further significant
gains in performance.

Conclusions

The modeling approach developed here provides a method of
visualizing, understanding, and designing multiphysics phe-
nomena on actual porous structure. Future work will include
marrying it with tools for generation and optimization of
realistic microstructures, combining the bulk and surface
pathways together in the same simulation, and using more
sophisticated phenomenological models. The systematic
examination of different morphologies and processing condi-
tions through 3D reconstruction and conformal modeling will
aid in better calibrating constitutive models and will lead to

predictive tools for micro/nanostructure design. The present
method is very flexible with possibilities for adding mechan-
ical, thermal, and other multiphysics phenomena and offers
the possibility for revolutionary porous electrode study and
design of fuel cells, batteries, and supercapacitors.
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S-1 Experimental method

(a) (b)

(c) (d)

Figure S-1: Area-normalized polarization resistance per porous LSM electrode: a) 600◦, b) 700◦, c) 800◦, d)
as a function of inverse temperature.
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S-2 Direct reconstructive meshing method

S-2.1 Process flow

The modeling process flow is depicted in Figure 2. All of the steps were integrated into a single main

MATLAB function consisting of calls to a mix of COMSOL commands, meshing functions, and custom code.

Multi-phase volumetric data from nanotomography was the starting point. When excluding pores, the tool

iso2mesh was suitable for creating a single-phase tetrahedral mesh. The centroids of the tetrahedral elements

were then computed and compared to the original volume data using the iso2mesh centroid calculator in order

to partition the phases. Artificial roughness along the interface was corrected/smoothed and the mesh was

selectively refined with custom script and a modified longest-edge method. Next, the mesh was rescaled from

voxel-dimensions to actual physical dimensions and imported into COMSOL. Features were automatically

identified using custom script subroutine based upon the COMSOL adjacency matrix and nodal coordinates.

COMSOL equations and boundary conditions were applied automatically by custom script on the basis of

this feature identification. Finally, the finite element problem was assembled and solved with COMSOL

routines.

S-2.2 COMSOL import

The standard procedure for COMSOL is to construct a geometry by using built-in CAD tools or by importing

a geometry from a CAD program, then by manually inputing physics, meshing, solving, and postprocessing.

There are commands available, however, to establish a mesh in COMSOL without the initial geometry step

by importing external mesh data. The four key relevant commands are listed in Table S-1.

Table S-1: COMSOL version 4.1 MATLAB interface commands for direct tetrahedral meshing.
Command Role
mesh.data.setVertex(vertex array) Create node array with coor-

dinates in vertex array
mesh.data.setElem(‘tet’, elem. array) Create elements with nodes

indexed to vertex coordinate
array

mesh.data.ElemEntity(‘tet’, phase array) Assign subdomain number to
elements

mesh.data.createMesh Create mesh with the speci-
fied structure

The ‘tet’ argument creates a 3D tetrahedral mesh in the container mesh. Once a mesh is constructed

with these commands, physics may be applied to the subvolumes, boundaries, edges, and vertices. The FEM
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problem may then be solved. A forthcoming publication will detail our efforts to ensure mesh fidelity to the

original microstructure and to correcting/smoothing the heterogeneous LSM/YSZ interface.

S-2.3 Automated feature identification

Due to the number and complexity of geometric features and couplings, we developed a subroutine to

automatically detect geometric feature types, count and organize them, and apply the appropriate physics.

Automation with a script ensures rapid execution of the simulation and inclusion of all important features,

as opposed to manual assignment which is very slow and prone to errors.

The first part of the script identifies the various geometric subfeatures and tracks them with MATLAB

arrays. The adjacency matrix of the object was used to determine adjacency of vertices, edges, boundaries,

and subdomains to one another. Determination of a feature’s type was based primarily on this adjacency

information. For instance, a face shared between the LSM and YSZ subdomain is automatically recognized as

an LSM-YSZ interface while a TPB edge was recognized because it is shared between an LSM-YSZ interface

boundary, an air-exposed LSM boundary, and an air-exposed YSZ boundary.

The appropriate boundary conditions, rate equations, and other features were assigned after identification.

The order of assignment was as follows: subdomains, vertices, boundaries, and edges. Each subsequent

feature type typically required the previous feature types’ identification, but in some cases the coordinates

of the vertices were used to determine type instead of adjacency. For instance, some vertices reside on

side boundaries where the position is fixed at a certain x-, y- or z- value. Feature assignment is illustrated

schematically in Figure 1c and d.

Equations were applied when the geometric features were identified and assigned. A representative

example is that of processes at the TPB. The TPB rate equation was applied along all TPB lines and

coupled to adsorbed oxygen chemical potential, which was defined and simulated by transport equations

applied to all active LSM surfaces.

S-3 Meshing and interfacial refinement

The bulk diffusion length in LSM is very small compared to other mixed conductors such as LSCF and

therefore the perturbation of oxygen vacancy concentration does not extend far from the interface. For this

reason, the mesh size must be small near the interface to reduce error in the vicinity of the interface. The

iso2mesh v.1.0 package, the version available at the time of this work, meshes bulk domains with only one
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mesh size and does not have the capability for mesh refinement. This restricts the mesh of all solid phases,

including both LSM and YSZ, to be the same size as that of the interface.

A custom subroutine was used to refine the mesh locally at the interface using a variant of the longest

edge method of refinement [1–3]. The refinement operated on a relatively coarse mesh capable of adequately

reproducing the microstructure geometry.

A schematic of the refinement method is shown in Figure S-2 on a portion of the MIEC mesh located

along the TPB. These elements are highlighted in gray in the first image. The bisection of each of one of

these element’s longest edge is performed in the second image. The third highlights shows all elements along

the edge bisected, with any nonconforming nodes created by the bisection resolved recursively. The process

is considered one full refinement. A second full refinement is indicated by the arrow leading to the fifth

image. The figure shows the process schematically for 2D triangular elements, but it is analogously applied

with bisecting planes to the iso2mesh 3D tetrahedral mesh [2]. Two, four, six, and eight refinements are

shown on real microstructure in Figure S-3.

The stability of the global solution was examined as a function of mesh refinement (Figure S-4a). Each

successive TPB-only mesh refinement led to smaller mesh size along the TPB and vicinity. As the number

of mesh refinements increased, the global steady state area-specific resistance increased as well, eventually

leveling out at seven or eight refinements. This trend indicated that a very small mesh size along the TPB

was required for local solution accuracy in bulk-only LSM simulations.

The simulated value of the change in oxygen electrochemical potential, ∆µ̃v, resulting from eight TPB

refinements is visualized in Figure S-4b (wide view) and c (close view). The bulk pathway for LSM is char-

acterized by a very thin active layer (tens of nanometers), which is evident along the air-exposed boundaries

that are active toward oxygen reduction. The diffusion length is much larger along the symmetric (inactive)

boundaries that border the simulation domain. Along these boundaries, the oxygen vacancy electrochemical

potential does not change rapidly and therefore a much coarser mesh was sufficient.

Mixed conductors with superior surface exchange and tracer diffusion properties such as LSCF have a

much thicker active layer so that the solution changes more gradually. Consequently, the mesh need not be

refined to such an extent near the TPB. Some mixed conductors with particular morphological configuration

have such a thick active layer that the intra-particle deviations in point defect chemical potentials are

insignificant and allow the 1D homogeneous porous electrode assumptions to be a reasonable approximation

[4]. A large part of the value of microstructure-conformal FEM simulations such as the ones developed here

is that they allow a detailed examination of intra-particle deviations when they are present.
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Figure S-2: Schematic diagram of the longest edge mesh refinement applied to LSM TPB elements.

S-4 Simulations in the bulk

Simple kinetics for the overall oxygen reduction reaction and bulk transport based on linear irreversible ther-

modynamics were used to eliminate some of the complexity and uncertainty arising from phenomenological

reaction rates.

S-4.1 Transport

Electronic transport was assumed to be facile; therefore, constant electron electrochemical potential (µ̃e)

was assumed within the microstructure. A-site cation defects were assumed to be immobile in LSM as well.

According to irreversible thermodynamics and ignoring point defect interactions and cross-coefficients,

the flux of oxygen vacancies is related to the gradient in electrochemical potential, µ̃v (main text Equation
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(a) (b)

(c) (d)

Figure S-3: Refinement of the TPB edge applied a) two, b) four, c) six, and d) eight times. Mesh before
refinement: iso2mesh max triangle size = 3.

2) [5–7]

−→
J v = −sv∇µ̃v (S-1)

or, because µ̃v = µ̃eq
v + ∆µ̃v and ∇µ̃eq

v = 0, then the flux equation restated is (main text Equation 4)

−→
J v = −sv∇(∆µ̃v) (S-2)

where ∆ represents a change from the equilibrium value and the v subscript indicates an oxygen vacancy

in the MIEC. The transport equations are in terms of changes from equilibrium because the equilibrium

electrochemical potentials do not lead to any flux. The quantity sv is the Onsager transport coefficient from
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(a) (b)

(c)

Figure S-4: a) Global simulated area-specific resistance (including the bulk pathway only) and number of
mesh elements as a function of the number of times the level 0 TPB-only refinement is executed on segment
of reconstructed microstructure. b) Bulk pathway solution for ∆µ̃v in LSM in the region near the interface
with the bulk electrolyte. Simulation region is approximately 1.5 µm x 1.5 µm. c) Close view of simulated
value of ∆µ̃v on the surface of a small portion of LSM microstructure annotated to indicate sharply changing,
bulk-path active interfaces and symmetric, inactive interfaces with a smoother solution.

irreversible thermodynamics, related to electrical conductivity. For the vacancies, (main text Equation 3)

sv = bvcv (S-3)

where cv is the concentration of oxygen vacancies and bv is mobility of oxygen vacancies [5–7].

The general continuity equation in the interior of such an MIEC is then

∂cv

∂t
= −∇ ·

−→
J v (S-4)

without a homogeneous generation term. At steady state, no change in vacancy concentration occurs and
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so the continuity equation is (main text Equation 1)

0 = −∇ ·
−→
J v (S-5)

Equation S-5 with S-2 were solved in the bulk of the MIEC for ∆µ̃v at steady state.

At the current collector, the electrochemical potential of electrons is fixed by equilibrium with the elec-

trons in the current collector if an ideal interface is assumed

∆µ̃e = ∆µ̃(CC)
e = zeF∆E (S-6)

where F is Faraday’s constant and ze = −1 is the formal charge of an electron. ∆E is the change of electrode

potential with respect to the counter electrode or reference electrode upon cathodic bias [8].

At the MIEC-air boundary, the flux of vacancies is outward as they are filled by reduced, monatomic

oxygen

−→
J v · −→n = rrdn (S-7)

where rrdn is the rate of atomic oxygen reduction corresponding to the bulk pathway and −→n is the outward-

pointing normal vector.

If the transfer of O2− is very facile across the electrolyte-MIEC interface, then the boundary condition

can be specified as Dirichlet by equality of the electrochemical potential of oxygen vacancies across the

interface

∆µ̃v = ∆µ̃v,e (S-8)

where ∆µ̃v,e is the change in electrochemical potential of oxygen vacancies in the electrolyte. If ∆E is defined

relative to a reference electrode on the electrolyte adjacent to the cathode then ∆µ̃v,e can be taken to be

zero.

S-4.2 Interfacial reaction rates

A linear relationship between the rate of the overall reaction and the reaction affinity was used in conjunction

with small perturbation from equilibrium. Such an approach neglects the detailed mechanisms of the reaction

in favor of a simplified description of the rate and has been successfully used in the well-known ALS model [4].
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The reaction of interest is

1

2
O2 + {V··O}+ 2{e′} = nil (S-9)

where the vacancy building unit {V··O} = V··O − Ox
O and the electron building unit is either {e′} = e′ for

itinerant electrons or {e′} = B′B − Bx
B for polarons, where where B′B symbolizes an electron localized on the

B-site of the perovskite and Bx
B is a neutral B-site.

If the rate of reaction, rrdn, is proportional to the affinity of reaction [9], then (main text Equation 6)

rrdn = L
Ardn

T
= k0

rdnArdn (S-10)

where Ardn is the affinity and L is a phenomenological coefficient. The parameter k0
rdn = L/T serves (for the

purpose of simplification) as a constant isothermal rate parameter for the reaction.

The affinity of reaction is equal to

Ardn = −∆rG = −
∑

k

νkµk (S-11)

where νk’s are the stoichiometric coefficients, negative for reactants and positive for products by convention

[9]. For this particular reaction,

Ardn =
1

2
µO2

(g) + µv + 2µe (S-12)

where the chemical potentials refer to the vacancy and electron building units. Separating chemical potentials

into their equilibrium values and a change from the equilibrium value by µk = µeq
k + ∆µk, then (main text

Equation 7)

Ardn =

[
1

2
µeq

O2
(g) + µeq

v + 2µeq
e

]
+

[
1

2
∆µO2

(g) + ∆µv + 2∆µe

]
(S-13)

=
1

2
∆µO2

(g) + ∆µv + 2∆µe

because the equilibrium terms must sum to zero.

Making the assumption that the electrochemical potential of a species may be expressed as

µ̃i = µi + ziFΦ (S-14)
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then the electrical components of the sum of µ̃v and 2µ̃e cancel out so that

∆µ̃v + 2∆µ̃e = ∆µv + 2∆µe (S-15)

Therefore the affinity can be expressed as

Ardn =
1

2
∆µO2

(g) + ∆µ̃v + 2∆µ̃e (S-16)

The rate of oxygen reduction on the surface of a mixed conductor with small deviation from equilibrium

is given in terms of known quantities (∆µO2(g) = 0 and ∆µ̃e) and the FEM solution (∆µ̃v)

rrdn = k0
rdn

[
1

2
∆µO2(g) + ∆µ̃v + 2∆µ̃e

]
(S-17)

Oxygen isotope exchange measurements have been used in the past to probe this reaction [10]. Those

experiments yield a surface exchange coefficient, k∗, useful to the present model.

The value of k∗ is determined from the reaction using the isotope 18O (denoted as O∗)

1

2
O∗2 + V··O + 2e′ → O∗ x

O (S-18)

Writing in terms of building units,

1

2
O∗2 + {V··O}+ 2{e′} = {O∗ x

O } (S-19)

where {V··O} = V··O−Ox
O and {O∗ x

O } = O∗ x
O −Ox

O. Using the same logic as before, the affinity for this reaction

is closely related to the previous value

Ardn =
1

2
∆µO∗

2
(g) + ∆µv + 2∆µe −∆µO∗

O
(S-20)

The chemical potential of gas-phase oxygen, oxygen vacancies and electrons are not altered during the

experiment, leading to ∆µO∗
2
(g) = µv = ∆µe = 0. The affinity of the tracer exchange is therefore simplified

to

Ardn = −∆µO∗
O

(S-21)

Substituting in the definition of chemical potential for the tracers assuming primarily configurational con-

10



tributions and canceling out the standard chemical potential terms, then

∆µO∗
O

= µO∗
O
− µeq

O∗
O

= RTln
(
xO∗

O

)
− RTln

(
xeq

O∗
O

)
(S-22)

where x indicates a fractional concentration. This approximately reduces to

∆µO∗
O

= RT
[
xO∗

O
− xO∗(g)

]
(S-23)

where xO∗(g) = xeq
O∗

O
and the rate of the reaction is

rrdn = k0
rdn

[
−∆µO∗

O

]
≈ RTk0

rdn

[
xO∗(g)− xO∗

O

]
(S-24)

The equation used to interpret the tracer exchange experiment and identify a rate constant is [10]

rrdn = k∗cOsitem

[
xO∗(g)− xO∗

O

]
(S-25)

where cOsitem is the concentration of oxygen lattice sites in mol m−3 and the surface exchange coefficient has

units m s−1. The site density adjusts the flux from fractional to mol m−2 s−1. Then

k0
rdn =

k∗cOsitem

RT
(S-26)

which provides the rate constant for use in the bulk simulation. The rate of oxygen reduction via the bulk

pathway for use in the simulation is therefore

rrdn =
k∗cOsitem

RT

[
1

2
∆µO2(g) + ∆µ̃v + 2∆µ̃e

]
(S-27)

S-4.3 Parameters

The transport coefficient sv was evaluated from the tracer diffusivity. The oxygen vacancy mobility was

related to the diffusivity by

bv =
Dv

RT
(S-28)
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The vacancy diffusivity is related to the tracer diffusivity by

D∗ = f
c0
v

cOsitem
Dv (S-29)

where f is the tracer correlation factor, given the value of 0.69 for perovskites, c0
v is the equilibrium concen-

tration of oxygen vacancies, and cOsitem is again the concentration of oxygen lattice sites [10]. Combining

equations S-28 and S-29 with the definition of the transport coefficient sv in equation S-3 and making the

assumption that cv ≈ c0
v due to the small perturbation, then

sv =
(cOsitem

fRT

)
D∗ (S-30)

k∗ and D∗ were available from published studies. Table S-2 gives the values of the parameters for LSM

80-20.

Table S-2: Linearized parameters for LSM 80-20.
Parameter Value Units Reference

k∗0 7.9x10−5 m s−1 [11]
∆Hk 1.3x105 J mol−1 [11]
D∗0 4.6x10−6 m2 s−1 [10]

∆HD 2.6x105 J mol−1 [10]

S-4.4 Results

The area-specific resistance associated with the bulk pathway only is given in Figure 3. The power law

indicated by the best fit line equation gives an exponent of approximately -1.5. There is deviation from the

trend at large k∗hypothetical/k
∗
LSM82 because the utilization distance far exceeds the amount of microstructure

simulated normal to the electrolyte interface. The overall trend is caused by the inverse dependence of the

ASR upon both the utilization length and how active the surface is. This proportionality is expressed as

ASR ∝ (k∗)−1(Lδ)−1 (S-31)

where Lδ is the utilization length and k∗ serves as a proxy to quantify the activity of the surface. The

utilization length depends on k∗ and D∗ as [4]

Lδ ∝
√

D∗

k∗
(S-32)
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Recalling that D∗ ∝ (k∗)2 according to Equation 7 and substituting, then

ASR ∝ (k∗)−1(k∗)−1/2 = (k∗)−3/2 (S-33)

which recovers the trend of the ASR in Figure 3.

S-5 LSM bulk pathway under large bias

The linear framework developed for simulation of the bulk pathway under small perturbation in section S-

4 was adapted for a very simplistic model of LSM under a large cathodic bias. The problem was made

nonlinear in oxygen vacancy transport and in surface reaction rate.

The bulk transport of oxygen vacancies is described by equations S-2-S-5. The transport parameter sv

is equal to the product of the mobility and the oxygen vacancy concentration (equation S-3). It is assumed

to be constant in the case of small perturbation because ∆cv << c0
v, where the 0 superscript indicates

the equilibrium value. The transport parameter cannot, however, be assumed constant in the case of large

perturbation because the change to the vacancy concentration is large and varies a great deal across the

microstructure. Therefore, let s0
v be the transport parameter determined from equation S-3 using cv = c0

v.

The locally varying transport parameter sv was defined as (main text Equation 10)

sv = bvcv = (bvc0
v)

cv

c0
v

= s0
v

cv

c0
v

(S-34)

where bv is constant and the factor cv/c
0
v is the local ratio of the oxygen vacancy concentration under the

steady state perturbed condition to the equilibrium value. This factor involves concentrations of point defects

whereas the linear method avoided any specific statements of point defect chemistry or concentrations alto-

gether and instead dealt entirely with (electro)chemical potentials and empirical measurements. Generally,

it is impossible to solve a large-bias mixed conductor problem without knowledge of and explicit inclusion of

point defect chemistry in the constitutive equations due to the complex couplings between them. However,

because LSM has such low oxygen vacancy concentration and generally has poor relative mixed-conduction

properties, several assumptions were made which reduced the complexity and eliminated the need to deal in

specific point defect concentrations in the model. These assumptions were:

1. Oxygen vacancy concentration is very low
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2. Electron and electron hole concentrations are relatively constant over moderate values of pO2 associated

with cathodic bias and therefore experience little change in chemical potential upon a moderate change

in pO2

3. Incorporation of an adsorbed oxygen atom into LSM is the rate-determining step in the bulk pathway

The first assumption is widely accepted: LSM’s oxygen vacancy concentration is far below that of LSCF

or LSC [12–14]. The second assumption is based upon the Brouwer diagram corresponding to the specific

defect models. A change in pO2 generally prompts large changes in oxygen vacancy as well as A- and B-site

vacancy concentrations relative to their equilibrium concentrations, but does not change the concentration

of electrons and holes by nearly as much relative to their equilibrium values [12–14]. Another feature of the

lack of change in concentration of electrons and holes is that, approximately, log10(cv) ∝ pO
−1/2
2 . The third

assumption is a consequence of the very low vacancy concentration.

These assumptions were used to approximate the cv/c
0
v factor without delving into solutions of specific

defect chemistry equations. From equation S-15, ∆µ̃v +2∆µ̃e = ∆µv +2∆µe. But since the electron/electron

hole concentrations change by relatively small values in LSM at moderate pO2, if ∆µe is neglected then

roughly

∆µv + 2∆µe ≈ ∆µv (S-35)

Since the oxygen vacancy concentration is very low in LSM, then ∆µv = RTln(xv)−RTln(x0
v) = RTln(xv/x

0
v)

where xv is a site fraction, related to cv by the constant density of oxygen lattice sites in the LSM crystal.

Rearranging and putting together with equation S-35,

cv

c0
v

= exp

(
∆µv

RT

)
≈ exp

(
∆µ̃v + 2∆µ̃e

RT

)
(S-36)

The value ∆µ̃e is fixed at the current collector (equation S-6) and assumed constant in the bulk. The value

of ∆µ̃v is the dependent variable of the bulk simulation. The transport parameter sv therefore was expressed

sv ≈ s0
vexp

(
∆µ̃v + 2∆µ̃e

RT

)
(S-37)

and forms the basis of a nonlinear flux (equation S-2) for use in the conservation equation (equation S-5).

The nonlinearity of the surface reaction rate law may also be handled similarly. Assumption 3 requires
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that the incorporation reaction be rate limiting. An example incorporation reaction is:

O(s) + V··O + 2e′ → Ox
O + s (S-38)

where O(s) is an adsorbed, dissociated oxygen atom occupying a surface site and s indicates the liberated

surface site. The rate law could be [15]

rinc = k0
inc

(
θ

θ0

cv

c0
v

c2
e

c0
e
2 −

cO

c0
O

1− θ
1− θ0

)
(S-39)

From assumption 1, cO ≈ c0
O ≈ cOsitem where cOsitem is the concentration of oxygen lattice sites in the

crystal. From assumption 2, ce ≈ c0
e . Finally, from the assumption that adsorption is fast compared to

incorporation (assumption 3), then θ ≈ θ0. Simplifying, (main text Equation 9)

rinc = k0
inc

(
cv

c0
v

− 1

)
(S-40)

This simplification is further justified because it worked well to approximately describe the behavior of

LSM-coated LSCF [16].

The factor k0
inc corresponds to an exchange current density and is equal to k∗ ·cOsitem when incorporation

is rate-limiting [15, 17], the same factor used in equation S-27. As a check, when gas diffusion is not

important (∆µO2
(g) = 0) and when assumption 2 holds (∆µe ≈ 0), then Ardn simplifies to ∆µv. Substituting

∆µv = RTln(cv/c
0
v) ≈ RT(cv/c

0
v − 1) in the case of small perturbation (the natural log can be simplified

because cv/c
0
v is close to one) into equation S-27, then equation S-40 is recovered and so the nonlinear rate

law reduces to exactly the linearized rate law under small perturbation.

Finally, substituting for the cv/c
0
v factor and rate parameter

rinc = k∗cOsitem

(
exp

(
∆µ̃v + 2∆µ̃e

RT

)
− 1

)
(S-41)

which is the nonlinear Neumann boundary condition applied on the air-exposed surface of the LSM mi-

crostructure.

A section of LSM microstructure was meshed with eight refinements along the TPB line, as described in

Section S-3. The model was solved using a nonlinear iterative solver in COMSOL (GMRES with incomplete

LU factorization) at various values of cathodic overpotential, η = ∆E. A wide view of the mesh and results
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from Figure 4 is shown in Figure S-5.

Figure S-5: Wide view of large microstructure section: a) mesh and log10(cv/c
0
v) at b) -1 mV and c) -400

mV. T=973 K.

S-6 Simulations on the surface

The surface model was simple, with dissociative physisorption without partial charge transfer and linear

irreversible thermodynamic treatment of the reaction rate for a small perturbation. In order to use COMSOL

Multiphysics for surface simulations, we propose using the “weak form, boundary” method of adding physics

to the simulation, instead of the “PDE coefficient form” which was used for the bulk simulations. This

requirement necessitated a weak form of the surface problem suitable for COMSOL, the development of

which is outlined for AC impedance in the following section.

S-6.1 Transport

An air-exposed surface of a mixed conductor onto which a gas species may adsorb was assumed. The

adsorbed species is consumed during the course of an electrochemical reaction and replenished by additional

adsorption. Consumption occurs heterogeneously at the TPB between the mixed conductor, gas phase, and

electrolyte. Adsorbates were transported along the surface to the TPB.

The following assumptions were employed:

1. Only the surface pathway is considered

2. Surface adsorbate concentration, cθ, has units mol m−2

3. Surface concentration may be expressed in terms of the product of the density of adsorption sites, Γ,

and the fractional site occupancy, θ: cθ = Γθ
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Consider the conservation of surface concentration with a homogeneous generation/consumption term

∂cθ
∂t

= −∇ ·
(−→
J θ

)
+ G in Ω (S-42)

where
−→
J θ is the flux of the adsorbate (units: mol m−1 s−1) and G is the homogeneous generation/consumption

term (units: mol m−2 s−1). Ω is the domain of the surface of the mixed conductor.

According to irreversible thermodynamics, the flux is related to the gradient in electrochemical potential,

µ̃, of the species. For this particular case and ignoring cross-coefficients,

−→
J θ = −sθ∇µ̃θ = −sθ∇(∆µ̃θ) (S-43)

where sθ is the transport coefficient of the surface species and the equilibrium electrochemical contribution

to the flux cancels out. The following definition was used

sθ = bθcθ (S-44)

with units of mol2 J−1 s−1, where bθ is the mobility of the surface species, with units mol m2 J−1 s−1.

If some small, alternating current perturbation is applied on top of a steady state signal (corresponding

to impedance spectroscopy), the surface concentration cθ then becomes a complex quantity [18–22] with

nonzero time derivative:

cθ = cθ + |ĉθ|ej(ωt+δ) (S-45)

where cθ is the steady state concentration, |ĉθ| is the magnitude of the alternating perturbation, j =
√
−1, ω

is the angular frequency of the applied signal, and δ is the phase shift of the concentration from the applied

signal. Denote

ĉθ = |ĉθ|ejδ (S-46)

and therefore

cθ = cθ + ĉθe
jωt (S-47)

The other quantities were written similarly.
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The electrochemical potential of the adsorbed oxygen was expressed as

µ̃θ = µ̃eq
θ + ∆µ̃θ (S-48)

where the change from equilibrium was

∆µ̃θ = ∆µ̃θ + ∆̂µ̃θe
jωt (S-49)

where ∆µ̃θ is the steady state (DC) portion and ∆̂µ̃θ is the complex perturbation.

Since the electrochemical potential must be uniform at equilibrium, then

∇(µ̃θ) = ∇(∆µ̃θ) = ∇
(

∆µ̃θ + ∆̂µ̃θe
jωt
)

(S-50)

which lets the flux be expressed as

−→
J θ= −sθ∇µ̃θ (S-51)

= −
(
sθ + ŝθe

jωt
)
∇
(

∆µ̃θ + ∆̂µ̃θe
jωt
)

(S-52)

where sθ indicates steady state transport parameter and ŝθ indicates the complex perturbation of the trans-

port parameter.

Distributing and ignoring the second-order perturbed term,

−→
J θ ≈ −sθ∇

(
∆µ̃θ

)
−
(

sθ∇
(

∆̂µ̃θ

)
+ ŝθ∇

(
∆µ̃θ

))
ejωt (S-53)

Setting the steady state flux as

−→
J θ = −sθ∇

(
∆µ̃θ

)
(S-54)

and the AC flux as

−̂→
J θ = −

(
sθ∇

(
∆̂µ̃θ

)
+ ŝθ∇

(
∆µ̃θ

))
(S-55)

then

−→
J θ ≈

−→
J θ +

−̂→
J θ ejωt (S-56)

G was set as the difference between the rate of adsorption, r1, and the rate of incorporation of the surface
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species into the oxide by vacancy filling, r2, on the surface. It may be expressed as

G = G + Ĝejωt (S-57)

where Ĝ = r̂1 − r̂2. In the case of a neglected bulk pathway, r2 = r2 = r̂2 = 0. Substituting these definitions

into the original continuity equation (equation S-42), recognizing that the steady state terms sum to zero,

executing the time derivative ∂(ĉθe
jωt)/∂t = jωĉθe

jωt, and canceling out the ejωt factor,

jωĉθ = −∇ ·
−̂→
J θ + Ĝ in Ω (S-58)

A test function v ∈ H1(Ω) where the Sobolev space H1(Ω) was defined as

H1(Ω) =

{
v ∈ L2(Ω) :

∂v

∂xi
∈ L2(Ω) for i = 1, ...,d

}
(S-59)

where d is the number of dimensions of Ω and the space L2(Ω) is

L2(Ω) =

{
v : v is defined in Ω and

∫
Ω

|v|2d−→x <∞
}

(S-60)

Multiplying v by both sides, applying the product rule and divergence/Green’s theorem, the following

equation resulted:

∫
∂Ω

v
−̂→
J θ · −→n ds =

∫
Ω

[
∇v ·

−̂→
J θ + v(Ĝ− jωĉθ)

]
d−→x (S-61)

Critical assumptions about the nature of the surface species and simulation were then employed. Since

the adsorbed oxygen was assumed to be fully dissociated and uncharged, then the electrochemical potential

of the adsorbed oxygen is equivalent to the chemical potential

µ̃θ = µθ = µ0
θ + RTln

(
θ

1− θ

)
(S-62)

where the site-limitation term is included because the chemical potential refers to the adsorbed oxygen

building unit [5].
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Taking the derivative of the chemical potential with respect to the surface coverage,

∂µθ
∂θ

=
RT

θ (1− θ)
(S-63)

Making a further approximation and assuming a linear, small perturbation then

θ̂ =
∂θ

∂µθ
(ss) · µ̂θ (S-64)

where µ̂θ is the AC perturbation to the steady-state chemical potential µθ = µeq
θ + ∆µθ and the derivative is

evaluated using the steady state value of θ. The overall chemical potential is µθ = µeq
θ + ∆µθ + µ̂θe

jωt. Since

the steady state change to the chemical potential is summed with the equilibrium chemical potential, the AC

perturbation may be viewed as a change to the change of the chemical potential, similar to equation S-49.

That is, µθ = µeq
θ + ∆µθ where ∆µθ = ∆µθ + ∆̂µθe

jωt. By this logic, ∆̂µθ = µ̂θ and

θ̂ =
∂θ

∂µθ
(ss) · ∆̂µθ (S-65)

If the perturbation is around OCV (equilibrium), then θ0 can be used to evaluate the derivative. Recognizing

that for this particular case ∆µ̂θ = ∆̂̃µθ because the adsorbed oxygen is not charged and in general that

cθ = Γθ, then

ĉθ = Γ
θ0 (1− θ0)

RT
· ∆̂µ̃θ (S-66)

One final problem-specific adaptation was performed to simplify further. If the AC problem is solved

around OCV, then ∆µ̃θ = 0 and ∇
(
∆µ̃θ

)
= 0. Thus, the AC flux term (equation S-55) simplifies to

−̂→
J θ = −sθ∇

(
∆̂µ̃θ

)
(S-67)

where sθ is simply the equilibrium sθ parameter.

After substituting definitions for flux (equation S-67), homogeneous generation (equation S-57), and

concentration (equation S-66) into the integral equation S-61, this led to the final expression of the weak
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form for the perturbed case:

Find ∆̂µ̃θ ∈ H1(Ω) such that

0 =

∫
∂Ω

[
v

(
−
−̂→
J θ · −→n

)]
ds +

∫
Ω

[
∇v ·

(
−sθ∇

(
∆̂µ̃θ

))
+ v(r̂1 − r̂2 − jωΓ

θ0 (1− θ0)

RT
· ∆̂µ̃θ)

]
d−→x

for all v ∈ H1(Ω)

(S-68)

The boundary flux term
−̂→
J θ · −→n was both zero and nonzero, depending on the type of the boundary (1D

edges of the surface domain). The flux was zero at boundaries where there was no TPB reaction. The flux

was nonzero at edges where there is a TPB, in which case
−̂→
J θ · −→n = r̂tpb where r̂tpb is the AC perturbed

rate of reaction.

The weak form in equation S-68 is valid for a 2D domain. To apply it to a triangularly meshed boundary

surface with curved features in 3D, COMSOL’s weak form, boundary interface was used. The dot product

in the right-hand-side integrand was written with proper syntax in terms of tangential partial derivatives,

as proscribed for shell diffusion as well as transport and adsorption in the COMSOL documentation. The

test function was also written to conform with COMSOL syntax. The ∂Ω and Ω integrands were input as

edge and surface weak contributions, respectively. We note this weak form result for surface diffusion may

be arrived at using a more rigorous implementation of differential geometry and surface tangents [23].

S-6.2 Interfacial reaction rates

Similarly to the treatment of the bulk pathway, reaction rates at the interfaces were defined by a direct, linear

relationship between the rate of the overall reaction and the reaction affinity. Such an approach neglects the

detailed mechanisms of the reaction in favor of a simplified description of the rate and is valid only for a

small perturbation.

S-6.2.1 Adsorption/dissociation rate

For dissociative adsorption

1

2
O2(g) + s = O(s) (S-69)

and expressed in terms of building units, then

1

2
O2(g) = {O(s)} (S-70)
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where {O(s)} = O(s)− s. The affinity of the reaction is

A1 =
1

2
∆µO2(g)−∆µθ (S-71)

where ∆µθ is the change in chemical potential of the building unit {O(s)}. Because the adsorbed oxygen

is uncharged, ∆µθ = ∆µ̃θ and therefore can be used directly with the dependent variable of the surface

transport simulation.

Expressing the adsorption reaction rate for a sufficiently small perturbation, then

r1 = k0
1

(
1

2
∆µO2

(g)−∆µ̃θ

)
(S-72)

where ∆µ̃θ = ∆µθ and k0
1 is an isothermal rate parameter with units mol2 J−1 m−2 s−1 giving r1 units of

mol m−2 s−1.

S-6.2.2 TPB rate

The reaction at the TPB is postulated as

O(s) + V··O,elyte + 2e′ = Ox
O,elyte + s (S-73)

or, in terms of building units,

{O(s)}+ {V··O,elyte}+ 2{e′} = nil (S-74)

where {O(s)} = O(s)−s is the adsorbed oxygen building unit, {V··O,elyte} = V··O,elyte−Ox
O,elyte is an electrolyte

vacancy building unit, and {e′} refers to an itinerant or localized electron building unit. The reaction affinity

was

Atpb = ∆µ̃θ + ∆µ̃v,elyte + 2∆µ̃e (S-75)

The reaction rate was

rtpb = k0
tpb (∆µ̃θ + ∆µ̃v,elyte + 2∆µ̃e) (S-76)

for a sufficiently small perturbation, where k0
tpb is a rate parameter with units mol2 J−1 m−1 s−1 giving rtpb

units of mol m−1 s−1. If a uniform Fermi level is assumed, then ∆µ̃e is fixed. Finally, if a reference electrode

is place on the solid electrolyte next to the cathode, then ∆µ̃v,elyte = 0.
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S-6.2.3 Small-signal perturbed reaction rates

Let r be the rate of some reaction–e.g. adsorption, dissociation, incorporation–which is dependent upon

some set of parameters {pi}

r = r(p1,p2, . . . ,pn) (S-77)

In simulating the response to an AC perturbation, the deviation from steady state was of interest and

the standard linearized approximation for impedance spectroscopy [18, 20] was employed, where only the

first-order perturbations are considered. The first-order, complex Taylor series expansion [24] in multiple

variables was used. In accordance with the previous definition of the complex quantities all parameters were

expressed

pi = pi + p̂ie
jωt (S-78)

where pi = peq
i + ∆pi. The perturbed portion of the rate was:

r̂ =
∂r

∂p1
(p1,p2, . . . ,pn) · p̂1

+
∂r

∂p2
(p1,p2, . . . ,pn) · p̂2

+ . . .

+
∂r

∂pn
(p1,p2, . . . ,pn) · p̂n

(S-79)

The complex quantity r̂ should be computed for every relevant reaction and, if applicable, every sub-step.

The quantity r̂tpb was computed at the 1D TPB boundaries and used in equation S-68 as the quantity
−̂→
J θ ·−→n .

Likewise, r̂1 corresponding to adsorption/dissociation was used as appropriate on the particle surfaces. The

perturbed parameter set {p̂i} is subject to simultaneous FEM solution of the multiphysics problem coupling

the mixed-conductor surface.

The reaction rate r1 in equation S-72 was adapted as

r̂1 =
1

2
k0

1
̂∆µO2(g)− k0

1∆̂µ̃θ (S-80)

recalling that ∆µθ = ∆µ̃θ when the adsorbed, dissociated oxygen is uncharged as in this case. When gas

diffusion is not considered, then ̂∆µO2(g) = 0.
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The reaction rtpb (equation S-76) was perturbed and linearized as

r̂tpb = k0
tpb∆̂µ̃θ + k0

tpb
̂∆µ̃v,elyte + 2k0

tpb∆̂µ̃e (S-81)

When the voltage is applied relative to a reference electrode on the electrolyte close to the working electrode,

then ̂∆µ̃v,elyte = 0. A uniform Fermi level gives a constant electron electrochemical potential: ∆̂µ̃e = −F∆̂E,

where ∆̂E is the AC potential perturbation applied to the working electrode.

S-6.3 Global evaluation

Interfacial charging was assumed to occur uniformly along the MIEC-electrolyte interface and computed

with a standard double-layer capacitor equation

Îdl = jωCdl∆̂E (S-82)

where Îdl is the complex charging current, Cdl is the double-layer, interfacial capacitance and ∆̂E is the AC

electrical perturbation relative to the reference electrode on the electrolyte adjacent to the cathode.

The global impedance was calculated by integrating all local Faradaic and charging currents into a global

current, Î, and evaluating the complex equation

Z =
∆̂E

Î
(S-83)

S-6.4 Parameters

In investigating the kinetics of porous platinum on YSZ, Mitterdorfer proposed an isotherm for surface

coverage [25]. The fractional surface coverage ranged from 0.65 at pO2 = 1 atm and T = 550◦C to 0.05

at pO2 = 10−5 atm and T = 950◦C. θ0 = 0.25 was chosen as an initial value here for pO2 = 0.21 atm and

T = 700◦C.

The surface transport parameter bundles surface concentration and mobility

sθ = bθc
0
θ = bθΓθ0 (S-84)

where bθ is the mobility and Γ is the concentration of surface sites: 1x10−5 mol m−2. The mobility was

24



related to the diffusion coefficient by the Einstein equation

bθ =
Dθ

RT
(S-85)

Mitterdorfer also provided an estimate for surface species diffusivity in the platinum/YSZ system [25]

which served as a reasonable starting point for exploration of the LSM/YSZ system [26]. The diffusivity was

Dθ = D0
θexp(−Ea

θ/(RT)) (S-86)

with values given in Table S-3.

Table S-3: Surface diffusion coefficients derived from reference [25].
Parameter Value Units

D0
θ 4.7x10−4 m2 s−1

Ea
θ 1.4x105 J mol−1

There was very little in the literature on suitable quantification of the reaction rate parameter k0
1 cor-

responding to adsorption and dissociation. For the purpose of simulating LSM, it was assumed that k0
1 is

many times greater than the tracer-derived exchange rate constant k0
rdn (equation S-27) used in the bulk-only

simulations. The initial value was set to k0
1 = 1000 k0

rdn.

The reaction rate parameter of the TPB was roughly estimated from existing porous electrode data

for the LSM-YSZ system. Mitterdorfer measured the overall impedance and extracted a charge-transfer

resistance associated with the TPB reaction for a sintered porous LSM electrode on YSZ [26]. The reported

values were normalized to area, but can be approximately normalized to TPB length using the quantification

of those values reported in the same paper. The resulting TPB-specific resistivity associated with only the

charge-transfer TPB reaction (having already removed the surface-transport contribution) may be expressed

as ρct in units of Ω ·m. The conversion is given in equation S-87.

ρct = ASRct · Ltpb (S-87)

where ASRct is the area-normalized charge-transfer resistance (Ω m2) and Ltpb is the TPB length density

(m−1). Best-available approximate values are given in Table S-4.

Assuming that ∆µ̃tpb = 2∆µ̃e when surface and gas transport contributions are removed, then ∆µ̃tpb ≈

2zeF∆E, where ∆E is the change of electrode potential. Now recognizing that itpb = −2Frtpb (with rtpb > 0),
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Table S-4: Charge-transfer resistance parameters derived from reference [26].
Parameter Value Units Note

ASRct 4.5x10−4 Ω m2 Testing temperature: 620◦C
Ltpb 2.5x106 m−1 Sample sintered at 1100◦C, 2 h.

then

itpb ≈ −2F
(
k0

tpb[2zeF∆E]
)

(S-88)

The resistivity, ρct is the ratio of ∆E to itpb. Thus,

ρ−1
ct ≈ 4F2k0

tpb (S-89)

and the estimate of k0
tpb is obtained

k0
tpb ≈

(
4F2ρct

)−1
(S-90)

Finally, the double layer capacitance was taken as 5.5x10−2 F m−2 as per the value fit to sintered porous

LSM on YSZ [26].

S-6.5 Results and Discussion

The AC impedance for the surface model was simulated using a 140 x 134 x 140 voxel segment of the

reconstructed porous LSM electrode on polycrystalline YSZ (approximate dimensions were 2.7 µm x 2.5 µm

x 2.7 µm. The mesh along the TPB lines was refined eight times. The structure is shown in Figure S-6.

At the median temperature of 700◦C, the Rp was 179 Ω cm2 and ωc was 50 Hz. Therefore, the model’s

polarization resistance with the default parameter set (Figure S-7) was approximately 36 times smaller than

than the experimental measurement. Furthermore, the default model parameterization gave a characteristic

frequency that was approximately 16 times larger than the experimental value.

The Nyquist plot of the the impedance from this study at 700◦C are shown in Figure 5a with Ohmic

resistance removed. The impedance spectrum is one arc, but there is a slight asymmetry: the left-hand

side (high-frequency) shoulder appears to have a small bulge at real(Z) ≈ 25 Ω cm2, indicating that there

could be at least two relaxation processes. At higher frequencies than that, the slope of the line is diagonal

rather than vertical. The asymmetry is more apparent at higher temperatures (Figure S-1) and its shape

is reminiscent of that arising from an equivalent circuit containing a Gerischer element in series with a

resistor, both in parallel to a capacitor. The physical meaning of the Gerischer element is reaction-diffusion,
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(a) (b)

Figure S-6: Portion of reconstructed microstructure used for surface/TPB pathway simulation: a) Mi-
crostructure segment rendered by COMSOL, b) Meshed microstructure with 8x TPB mesh refinement. Side
length is approximately 2.7 µm.

Figure S-7: AC impedance from surface/TPB pathway of reconstructed microstructure using initial param-
eter set.

which could correspond to the process of adsorption, dissociation, and surface transport. The resistor could

correspond to a charge-transfer, while the capacitor in parallel corresponds to interfacial capacitance. A

similar equivalent circuit was suspected to describe LSM on YSZ [26].

With an equivalent circuit corroborating the very same physical processes represented in this chapter by

the microstructure-specific surface model, the model parameters were tailored by changing them from their

default values. The resulting simulated impedance is shown in Figure 5a. The simulated impedance loop is

very similar in size (Rp), shape, and frequency distribution in both the low- and high-frequency relaxation
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processes to the experimental impedance.

The tailored parameters required to generate the simulation in Figure 5 are given in Table S-5. The

diffusion coefficient was reduced substantially from the value on platinum at 700◦C; however, considering

the large differences between the surfaces of platinum and LSM, the difference is not unreasonable. The

surface adsorption/dissociation coefficient was made to be 30 times larger than the tracer-derived isotope

exchange coefficient, k0
rdn, rather than 1000 time larger as initially assumed. The TPB rate constant k0

tpb

was set to be about 10% of the value of the rate constant derived from sintered LSM, which is reasonable

considering the uncertainties associated with estimating TPB length [26] and with differences in sintering

profiles and powders.

Table S-5: Tailored surface model parameters.
Parameter Value

Dθ 0.01 ·D(Pt)
θ

k0
1 30 · k0,(LSM)

rdn

k0
tpb 0.09 · k0,(sint.LSM)

tpb

Cdl 20 · C(sint.LSM)
dl

The interfacial capacitance Cdl was made to be 20 times the value derived from porous, sintered LSM.

However, the interfacial capacitance on sintered LSM was taken as the average over an entire area including

contacted and non-contacted area. The uncertainties with contact area can explain some of the difference,

along with the lack of quantitative fitting. The new Cdl value is closer the interfacial capacitance derived

from porous platinum on YSZ [25]. All of these parameters could be substantially affected by the differences

between this study and the literature in the exact chemical composition of the LSM powder as well as in the

sintering step. The conformal FEM tool developed here is a powerful tool for probing the kinetics of a porous

LSM cell in a quantitative manner while taking into account all of these material and process-dependent

specifics - a tool that has never been available before. In Figure 5a, a constant phase element was used to

better fit the experimental data with Q = 100 · Csint.LSM
dl and exponent α = 0.7.

An important observation is that the surface model may be used to accommodate low-frequency relax-

ation processes. Other authors [27] have concluded that a bulk process explains the electrochemical behavior

of an LSM cathode, in particular the low characteristic frequencies. However, the adsorption/dissociation

rate coefficient has a large effect upon characteristic frequency. Moreover, bulk explanations require the

equilibrium vacancy concentration of LSM to be far too high compared to all LSM bulk defect chemistry

models. It therefore appears that the surface/TPB pathway is a more realistic explanation for the electro-

chemical behavior than the bulk pathway. Future work will better identify mechanisms and parameters with
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more certainty over large temperature and pO2 ranges.
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