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Potential and current distributions and local energy dissipation due to Joule heating in
metal-superconductor junctions have been computed as a function of geometric parameters
and interfacial resistance. The primary current distribution and power dissipation are highly
nonuniform in the system. The secondary current distribution and power dissipation, however,
become more uniform as the interfacial resistance increases. Analysis indicates that zero
contact resistance is not a stable situation since the primary distribution leads to local current
densities exceeding the critical current density of the superconducting phase near the corner of
the junction. Local contact failure might then initiate. A finite contact resistance is necessary
for a practical application, and the minimum value of the contact resistance can be estimated
from the operating current density (javg) of the device and the critical current density (jcri)
of the superconducting phase. To obtain an optimum value of the contact resistance,
however, one further has to take into consideration the stability and reliability of the device
performance, which is, in turn, directly related to the uniformity of the current distribution
and power dissipation, to temperature fluctuation of the superconducting phases brought about
by local power dissipation, and to the thermal management of the system. Furthermore, a
nonuniform contact resistance layer of appropriate profile can redistribute the current more
effectively and more uniformly and hence reduce the total power dissipation in the system for
a given jmax/jmg ratio obtained by a uniform resistance layer.

I. INTRODUCTION

Superconducting

The use of superconducting materials in devices most
often requires the incorporation of metal/superconductor
junctions. Examples of two commonly encountered geometries of such junctions are sketched in Figs. l(a) and
l(b). Figure l(a) corresponds to one in which a thin or thick
film of the superconductor, deposited on an insulating substrate, is contacted by a metal lead. The geometry of Fig. l(b)
would be encountered when a fracture has occurred in a
metal-cladded superconducting wire. In both of these examples, the current densities at the metal-superconductor
junctions, the m/s junctions, can be expected to be highly
nonuniform and peak sharply at the corners of the m/s
junction, as indicated schematically in Fig. 1.
As is well known in electrochemical applications
involving current distributions at electrodes, one must distinguish between a primary current distribution which assumes no interface overpotential, and a more realistic one,
the secondary current distribution, which takes into account
the possibility of a finite interface overpotential. The problem of finding the current distribution at an m/s junction is
in many aspects quite similar to the electrochemical problem of current distributions on electrodes and should, in
addition, take into account the local energy or Joule heat
generation at the junction. A primary current distribution
will, in fact, exhibit a singularity at the corner of the m/s
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FIG. 1. Geometry of superconductor devices: (a) superconductor film deposited on an insulating substrate and contacted by a metal lead; (b) metalcladded superconducting wire with a fracture.
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junction which could in principle lead to large local energy
losses in the adjacent metal, and even to contact failure
initiation.
To analyze the problem of current distribution and energy loss, the electrode problem in an equivalent electrochemical cell of appropriate geometry is considered. The
current distribution in rectangular electrochemical cells
with similar configuration, as shown in Fig. 2(b), has been
treated in the literature.1'3 The primary current distribution
predicts infinite current densities at the marked corner of
the electrode. This singularity in an electrochemical system is, however, removed by various processes that lead to
interface overpotentials and current redistribution: the finite kinetics of electrochemical reactions, the transport rate
limitation of electrochemical species, or the changes in the
electrode configuration brought about by electrodeposition
or dissolution.4"6 In the m/s junction system, these processes modifying the primary current distribution are not
present. At the same time, the average current densities are
many orders of magnitude higher than in electrochemical
systems, making local current concentration and local energy loss consideration due to Joule heating much more
important. However, a practical parameter that allows for a
controlled modification of the current distribution is available: the m/s interface resistance. In this paper, the effects
of the m/s junction geometry and interface resistance on
the current distribution and on the energy dissipation are

discussed. A rectangular domain with an interrupted junction, as shown in Fig. 2(b), corresponding to the situations
sketched in Fig. 1, has been chosen for the analysis.
II. MATHEMATICAL MODEL
Consider a superconductor/metal junction as pictured
in Fig. 2(a). If the potential or current distribution is independent of z, the system is reduced to a two-dimensional
problem, as shown in Fig. 2(b). Under the assumption that
the bulk metal phase is isotropic and the metal superconductor contact interface is uniform, with the superconductor at equipotential, the potential, <i>(jc,_y), must
satisfy Laplace's equation:
= 0
(1)
within the domain of the metal phase (fim). The following
boundary conditions apply:
(1) The derivatives of the potential <3> normal to the
insulated boundary, r i ( vanish at the boundary, i.e.
V<& • n = 0

on Tj

(2)

(2) The potential at the end of the metal phase is constant for the ratio of Lib sufficiently large:
(3)

= <D0 onT 2

(3) The potential at the metal side of the m/s junction
is specified as
$0,0) = $, - A ^ x )

onT 3

(4)

where Oj is the potential of the superconducting phase and
AVj is the potential drop across the interface which depends
on the nature of the m/s contact and the current density at the
interface. Therefore, the surface of the metal phase adjacent
to the m/s junction is not an equipotential surface if the
contact resistance is finite. For a linear contact, AVi can be
approximated, at sufficient normal current densities, by
AVfc) = Vo + a • jn(x)

(5)

where Vo is a constant, a is the specific interfacial resistance (ohm-cm2), and jn is the current density normal to
the contact interface. This type of contact resistance has
been reported recently for several metal-superconductor
junctions, including aluminum-YBCO, noble metal (silver,
gold)-YBCO, and indium-YBCO junctions.7"9
III. NUMERICAL CALCULATION
Insulated Boundary
Equipotential

Metal

boundary

In a finite element method, the potential within the metal
domain can be approximated by an expression of the form

m/s junction

(6)

Superconductor

(b)
FIG. 2. (a) Geometry of metal-superconductor junction; (b) simplified
2-dimensional model for calculation.

where the <j>j are the nodal potential values to be determined, N is the number of nodes in an element, and the
Wjd, V)) are the approximation functions (in natural coordinates £ and rj) associated with each node. By substituting
the above approximation into Eq. (1) and minimizing the
weighted residual using %(£, 17) as a weighing function,
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the boundary-value problem, defined in Eqs. (l)-(4), can
be transferred to the following matrix equation for each
element:

Obviously, this equation can further be reduced to
- a < r [ K n ] - [ P J [K
-ao-[K 2 1 ] [K 2

X

(7)

[K w ] • {<^>} = {F w }
where

, - v0}

JK21
f=

! [(d%/dx)(d%/dx)

V

+ (d%/dy)(d%/dy)]d£le

(8)

(d$/dy)]ds

(9)

with O,e and Te representing the domain and the boundary
of the element, respectively. Rectangular elements with
9 nodes and piecewise quadratic interpolation functions are
used in the calculation.
The assembly of element equations gives the following global matrix equation:
[K] • {U} = {F}

-[Kn][fJ

[K12]\ (a{a}\

-[K21][fJ [ K J W

_/[Kn]\

_

\[K21])m
[K 13 j

Voi

(10)

The fact that the potential of the superconductor phase
(<!>!) and the potential at T2 (%) are known and the remaining potentials (U2) and the potential gradients at F2
and F3 (f0 and fj are unknown provides us the motivation
to rearrange and partition the matrix equation as follows:
/[K n ] [K12]
[K2I] [K22]
V[K31] [K32]

(14)
Meanwhile, instead of solving for the current distribution for a uniform contact resistance layer, the optimum
distribution of a nonuniform interfacial resistance ({a}) for
a required current distribution ({fj), can alternatively be
calculated from the following equivalent equation:

(15)
where [fj now is a diagonal matrix and {a} is a vector

[K13]\
[K23] x
[K33]/

\
a2

{Q = (d{<S>}/dy)y=0,
{f0} = (d{<P}/dx)x=L,

0 < * < Z>

(12a)

0< y < a

(12b)

and the diagonal matrix [PJ contains the elements of boundary integration of the interpolation function along the m/s
junction and [Po] contains the elements of boundary integration along the end of metal phase (F2).
To calculate directly the potential gradient distribution
at the m/s junction with a uniform resistive layer, the matrix Eq. (11) can be rewritten as
/-ao-[K u ] - [PJ [K12]
-ao-[K 21 ] [K22]
1]
[K32]

[0]
[0]
-[P o ]

/[K n ]\
- [K21] {<&, - Vo} \[K 31 ]/

|[K 23 ]|{* 0 }
\[K 33 ]/
(13)
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(16)

{«} =

, - Vo} - aa{fn}\
/[Pj{fj\
{U2}
=
{0}
(ID
I
\[Po]{fo}/
where Vo and a are as defined in Eq. (5) and cr is the conductivity of the metal phase. The potential gradients at the
boundaries, {fj and {f0}, are given by

\

L\

\«m/

These equations have been solved on a VAX-8650
(VMS) computer with NAG libraries.
IV. ENERGY DISSIPATION
As current flows through the system, two Joule heating processes contribute simultaneously to the energy loss.
One is in the bulk metal phase and the other is at the m/s
junction.
The Joule heat production rate (Watt) in the bulk metal
phase is given by

Jdt = f

(17)

where j is the current density, and cr is the conductivity
of the bulk metal phase in domain Clm. Obviously, the
local power dissipation in the metal phase is proportional
toj • j .
Variational analysis indicates on the one hand that,
subject to the constraint of a constant total current
J=

fh

jn{x) dx = constant
(18)
•>o
dQjdt first decreases rapidly as the current density normal
to the junction becomes more uniform and reaches a lower
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limit when the normal current density becomes completely
uniform, i.e., when
Ux) = j m g

0<x<b

Curve a/b L/b

(19)

The average current density, y'

is defined as

1
2
3
4
5

3-

jn(x)dx

(20)

On the other hand, the Joule heat production rate
(Watt) at the contact interface, expressed as

2.5-

.2
.4
.6
.8
1.

1.3
1.5
1.6
1.8
2.0

2-

(21)

dQjdt=

increases as the current distribution becomes more uniform
as a consequence of increase of interfacial resistance. The
local power dissipation at the m/s junction is proportional

3

tofn.
The total energy dissipation rate in the system is then
the sum of the two heating processes which are approximated by the expressions
dQb/dt = <r\

[(dU/dx)2 + (dU/dy)2]dnm

(22)

Normalized Distance along the m/s Junction (x/b)
FIG. 3. Primary current distribution at metal-superconductor junctions of
different geometry. The maximum value of the current density is infinite
at the marked corner of the junction (jjjmg —> °° at x = b).

J

and
dQjdt = J • Vo - a- f [AVt(x) - Vo](dU/dy)y=odx
•>o

(23)

The total power dissipation can also be estimated from
the effective total resistance of the system, Reff, which is
given by
jn(x)dx

(24)

V. RESULTS AND DISCUSSION
A. Primary distribution and junction geometry
When the contact resistance is zero, the potential at
the metal side of the m/s junction is uniform and the current distribution is completely determined by junction geometry, with an infinite current density at the marked corner
of the junction (i.e., jn —>• °° at x = b). The primary current distributions at the m/s interface for different junction geometries are shown in Fig. 3. Evidently, the current
distribution becomes more uniform as the ratio of a/b increases provided that L is large enough so that <£(L, y) at
F 2 is constant. In other words, at constant b, the primary
current distribution becomes more uniform as the dimension a increases, and at constant a, the current distribution
becomes more uniform as dimension b decreases, if the
influence of L is excluded. Obviously, the dimension L
has no effect on current distribution as long as the potential
at the end of the metal phase is uniform. The minimum
dimension L below which <£>(L,y) becomes nonuniform depends on dimensions a and b. Figure 4 shows the effect of
the geometric parameters on the primary potential distri-

bution at the tail region of the metal phase. Clearly, the
minimum length L at which $>(L,y) is practically uniform
increases as the ratio a/b increases. These geometric effects could provide guidance for device design.
B. Secondary distribution and interfacial
resistance
When a finite contact resistance is taken into consideration, the nonuniform current distribution at the m/s
junction results in nonuniform potential drop across the interface so that the surface of the metal phase adjacent to the
m/s junction is no longer an equipotential surface [see
Eqs. (4) and (5) and the current distribution in Fig. 3]. It
is the modification of the potential at the boundary F 3 due
to the presence of the contact resistance that redistributes
the secondary currents more nearly uniform than the primary currents, as shown in Fig. 5. Unlike the primary distribution, the secondary current distribution depends not only
on the geometry but also on the electrical properties of the
bulk phase and the nature of the metal-superconductor
interface.
The current density normal to the interface is plotted
in Fig. 5 for different normalized interfacial resistance R,
which is defined as
a/b
(25)
R
where a is the interfacial resistance (ohm-cm2), o- is the
conductivity (ohm"1 cm"1) of the bulk metal phase, b is
the length (cm) of the junction as defined in Fig. 2(b), and
hence R is dimensionless.
The computations (shown in Fig. 5) clearly indicate
that as the dimensionless interfacial resistance (R) increases, the current distribution at the interface becomes
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FIG. 4. Primary potential distribution at the tail region of the metal phase for (a) a/b = 0.25, L/b = 1.4; (b) a/b = 1.0, L/b = 2.0; and (c) a/b •
4.0, L/b = 4.0.

more uniform. In other words, the increase of the interfacial resistance, the increase of the conductivity of the
bulk metal phase, or the decrease of the dimension b will
make the secondary current distribution more uniform.
The effects of geometry on the secondary distributions
are similar to those on the primary distribution, as is evident
from the comparison of Fig. 5(a) and Fig. 5(b).
C. Critical current density and minimum contact
resistance
It is obvious that zero contact resistance is unstable
since the current singularity at the corner (x = b) of the
junction leads to a local current density exceeding the critical current density of the superconducting phase. Local
contact failure initiation might then result. Practically, a
finite contact resistance is necessary to modify the current
distribution. The minimum value of the contact resistance
can be determined from the operating or average current
density normal to the m/s junction and the critical current
density of the superconducting phase. The criterion is that
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the contact resistance should be sufficiently large that the
current density normal to the m/s junction at the corner
(x = b) be less than or, at most, equal to the critical current
density of the superconducting phase, i.e.
La, =£ jcri

(26)

The normalized maximum current densities at the
corner of the m/s junction (jmax/javg) are plotted in Fig. 6
against the normalized interfacial resistance (R) for various
geometries. The minimum contact resistance, Rmin, for a
given javg and jcri can be determined from this diagram.
If the device is operated at a current level much lower
than the critical current density, the minimum contact resistance will be very small. To estimate the optimum value
of the contact resistance, however, one in addition has to
take into consideration the stability and reliability of the
device performance, which is, in turn, directly related to
the uniformity of current distribution and power dissipation, to temperature fluctuation of the superconducting
phases brought about by local power dissipation, and to
the thermal management of the system.
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FIG. 6. Dependence of normalized maximum current densities on the normalized
interfacial resistance.

0.2

0.4

0.6

0.8

Normalized Interfacial Resistance (R)
D. Power dissipation and optimum interfacial
resistance distribution
Since the local power dissipation is proportional to the
square of the local current [see Eqs. (17) and (21)], the primary and secondary distribution qf the Joule heat produc-

tion rate near the m/s junction should be similar to the
square of the currents shown in Fig. 3 and Fig. 5. When
the contact resistance is very low, the power dissipation is
highly concentrated near the corner of the m/s junction,
which could lead to local overheating.
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Fig. 8 for the case where a uniform contact resistive layer
is applied to the m/s junction. It is clear that the power
dissipation increases dramatically as current distribution
becomes more uniform as a result of an increased interface
resistance. In other words, as the resistance of a uniform
interface layer increases, further improvement in current
uniformity becomes less useful.
Shown in Fig. 9 are the optimum distributions of the
interfacial resistance for completely uniform current distribution at the m/s junctions with different geometries.

The power dissipation in the bulk metal phase, at the
m/s junction, and the total power dissipation in the system
are plotted in Fig. 7 as a function of the normalized interfacial resistance. As the interfacial resistance increases, the
Joule heat production rate decreases in the bulk metal
phase and increases at the interface. While the total power
dissipation in the system slightly increases, its distribution
along the m/s junction becomes more uniform.
The dependence of power dissipation on the uniformity of current distribution or the jmax/javg ratio is shown in
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The corresponding normalized total power dissipation and
Jmax/javg ratios are tabulated in the table on the figure. The
imax/javg ratios for uniform resistance of the contact layer at
the corresponding power dissipation are also listed in the
last column of the table. It is clear that a nonuniform resistive layer, with an appropriate profile, can redistribute the
current more effectively and more uniformly and hence
reduce the total power dissipation for a giysnjmax/javg ratio
obtained by a uniform resistance layer. This effect becomes more evident as the ratio of a/b decreases. The
optimum distribution of the interfacial resistance for a required jmax/javg ratio can be calculated using Eq. (15) and
can be precisely achieved through materials processing.
E. Inhomogeneity of superconductive materials
The high Tc ceramic superconductive materials are
often inhomogeneous and contain some nonsuperconducting phases.
According to London theory and Meissner effect,1011
the current carried by a pure superconducting phase is confined to the thin surface layer of the material with penetration depth

V)1/2

(27)

for particles of charge e* and mass m* in concentra-

tion ns*. The current density is exponentially damped from
the external surface and virtually vanishes in the bulk of
the material. Therefore, as long as the surface layer (with
thickness of XL) of the inhomogeneous superconductive
material near the m/s junction is in a superconducting
state, the potential at the superconductor side of the m/s
junction will be uniform and hence the current distribution
and power dissipation at the m/s junction and in the metal
phase will remain the same as discussed above, no matter
how the nonsuperconducting phases are distributed inside
the inhomogeneous superconductive materials.
If nonsuperconducting phases are present on the superconductor side of the m/s junction, however, the current
distribution and power dissipation will depend on the exact
distribution of these nonsuperconducting phases. Yet,
if the minority nonsuperconducting phases are distributed uniformly on the surface of the inhomogeneous superconductive material, the effect of junction geometry and
contact resistance on current distribution and power dissipation at the m/s junction and in the metal phase will be
similar to those for pure superconducting materials. Nevertheless, the local power dissipation at or near the junction
should in addition include the power dissipation in the
nonsuperconducting phases at the superconductor side of
the m/s junction.
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VI. CONCLUSIONS
The primary current distribution and power dissipation
are highly nonuniform in the system and are uniquely determined by the geometry of the metal-superconductor
junctions. As the ratio of a/b increases, the primary current distribution becomes more uniform provided that
dimension L is so long that it has no effect on distribution.
The secondary current distribution and power dissipation are further determined by the contact resistance of
the m/s junction and the conductivity of the bulk metal
phase in addition to the junction geometry. As the contact resistance of the interface or the conductivity of the
metal phase increases, the secondary current distribution
and power dissipation become more uniform for a given
geometry, although the total power dissipation in the system slightly increases.
A finite contact resistance is necessary to ensure that
the local current densities are below the critical current
density of the superconducting phases and the current distribution and power dissipation are sufficiently uniform so
that the performance of the device is stable and reliable.
A nonuniform contact resistance layer of suitable profile can redistribute the current more uniformly and hence
reduce the total power dissipation in the system for a reratio obtained by a uniform resistance of the
quired jmax/javg
contact layer.
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Qb

Q

diagonal matrix containing boundary integration
along the m/s junction
diagonal matrix containing boundary integration
along F 2
Joule heat generated in the bulk metal phase
(Joule)
Joule heat generated at the m/s junction (Joule)
total Joule heat generated in the system,

Q = Q, + Qb
normalized interfacial resistance (R =
aa/b),
dimensionless
effective total resistance of the system (ohm)
U2
unknown potentials within the domain (V)
potential drop across the metal-superconductor
interface (V)
specific interfacial resistance for linear contact
a
(ohm-cm 2 )
potential of the superconductor phase (V)
nodal potential values (V)
potential at the end of the metal phase (V)
<&0
, v) potential within the bulk metal phase (V)
insulated boundaries
end of the metal phase
surface of the metal phase adjacent to the m/s
junction
boundary of an element
London penetration depth
permeability of free space
conductivity of the bulk metal phase
(ohm" 1 cm" 1 )
domain of an element
domain of the bulk metal phase
, rf) approximation function in natural coordinates

R

NOTATIONS
a
b

K
fo
j
Javg
Jcri
Jmax
jn

J
L
m
m*
n*
n

height of the metal phase (cm)
length of the metal-superconductor junction (cm)
charge of electron pairs
potential gradient at the m/s junction (V/cm)
potential gradient at the end of the metal phase
(r 2 ) (V/cm)
current density in the metal phase (A/cm z )
average current density normal to the m/s
junction (A/cm 2 )
critical current density of the superconducting
phase (A/cm 2 )
maximum current density normal to the m/s
junction (A/cm 2 )
current density normal to the m/s junction
(A/cm 2 )
total current normal to the m/s junction (A/cm 2 )
length of the metal phase (cm)
number of the nodal points at the m/s junction
mass of electron pairs
number density of electron pairs
unit vector normal to the m/s junction
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